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Abstract

Unterminatedrate 3/4 corvolutional codesare stud-
ied experimentallyusingthe forward-backvardalgo-
rithm over a 1% binary symmetricchannel. A lower
bit errorprobabilityis foundfor systematicompared
to non-systematigeneratormatrices. It is further
foundthata decodingdelayof 7mis neededo fully
exploit the error-correctingcapabilitiesof the code.

1 Intr oduction

To achieve reliablecommunicatiorwith block codes
Shannonshaved that the block size needsto be-
comeasymptoticallflarge[6]. Block codeghatreach
0.1dB of the ShannonLimit have beenfound [5],
however theserequiredblocks of 10° bits. For very
slow dataratesblocks of this size are impractical.
A codethat allows early decodingand good perfor
manceis needed.

Infinite randomtreecoded(figure 1) canalsoreach
the Shannoriimit [9][4]. They seemappropriatefor
a low datarate application: a decodingcan be at-
temptedat ary time and the dataearlier on in the
transmissiorbecomesprogressiely betterprotected
by datarecevedlater Unfortunatelyinfinite random
tree codeshave infinite complecity. Cornvolutional
coded3] approximatehis structureandaresimpleto
encodeanddecode An encodecanbevisualisedasa
linearsequentiatircuit, for examplefigure2. Theen-
codingcanalternatively be viewedin a similar man-
nerto atreecode,in whichthenumberof stateof the
systemremainsboundedforming atrellis, for exam-
ple figure3.

Corvolutional codesareoften usedasblock codes
by terminatingthe input streamwith dummy zeros.
This terminationhasthe effect of forcing the system
to a known stateat the endof a block andhencepro-
videsequalprotectionto the bits atthe beginningand
endof the block. However if oneis decodinga con-
tinuousstreamor attemptingadecodingn themiddle
of ablock, oneis dealingwith anunterminatectode.
In this paperwe will studythis case.

To testthe performanceof unterminateccorvolu-

Figurel: A diagramof the beginningof aR=1/2
randomtreecode. The encodingof a streamcaneas-
ily bereadoff thetree— startat the left andfor each
input bit move one stateto the right andup for 1 or
down for 0. The outputstreamconsistsof the labels
(madeup of randomi.i.d. bits) alongtheroute.
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Figure2: A diagramof aR=1/2, m= 2 corvolu-
tional codein controllercanonicalform. The boxes
representmemoryelementsand & modulo 2 binary
addition.

Figure3: A trellis for the systemshaown in figure 2
(with four states).Only the contentof the memories
areshown, otherlabelsareomittedfor clarity.



tional codesmary blockswere encodedfransmitted
over a simulatednoisy channel,and then decoded.
Variousalgorithmsfor the decodingstagewere con-

sidered.Threealgorithmsthatfully exploit the error

correctingabilities of the codearewidely used:

e TheViterbialgorithm[7] providesthemaximum
likelihooddecodingof a block by visiting every
branch.

e Sequentialdecoding[8] also provides a maxi-
mumlik elihooddecoding.In generait usedess
resourceghanthe Viterbi algorithmasit aims
to explore only branchegloseto the maximum
likelihoodpath.

e The forward-backvard algorithm [1] provides
the mamginal posteriorprobabilitiesfor eachbit
—thisis calledana posteriori probabilitydecod-
ing. The algorithmis slightly slower than the
Viterbi algorithmasit visits every branchtwice.

Themaximumlik elihoodpathproduceghe minimum
block error probability but not necessarilythe mini-
mum bit error probabilities. The forward-backvard
algorithmwas chosenfor further studyasits a pos-
teriori probability decodingbehaiour minimisesthe
bit errorprobability.

2 Theoretical Intr oduction

2.1 Convolutional codes

The following descriptionis after Johannessoand
Zigangiro/ [3].

Corvolutional codesaredescribedn termsof sev-
eralparametersThefirstis therate,R. It is tradition-
ally written in a fractionalform with the numberof
input symbolsto the sequentiatircuit over the num-
ber of outputsymbols;an R = 2/4 codehencehasa
differentform thananR = 1/2 code. The othergen-
erally cited parametersre the memory m, andthe
overallconstrainfength,v. If eachinputhasv; mem-
ory elements(for examplein figure 2, vi = 2), we
thendefinem = max v; andv = 5;v;.

Insteadof using a sequentialkircuit form for de-
scribingcorvolutionalcodeswe canuseamatrix rep-
resentationof the systemundera D-transformation
(where operationsare carriedout modulo2). Then
v’ = u'G, whereu’ andv’ arethe vectorsrepresent-
ing the D-transformsof the input time sequences
andoutputtime sequences; respectiely. For theex-
amplein figure2:

G=(1+D? 1+D+D?) 1)

Corvolutional codescan be catastrophic:a finite
numberof channelcorruptionscanleadto aninfinite
sequencef errorsafter decoding. To avoid this sit-
uation,the corvolutionalencodemeedso be chosen

Figure 4: Obsener-canonicalrepresentatiorof the
generatomatrix shavn in equations

appropriately Systematicornvolutionalcodes(codes
wheretheinput streamappearsn the clearin theout-
put stream)areknown to be non-catastrophic.

The codesso far describedhave not necessarily
beensystematiclt is known thatif you createa sys-
tematicgeneratomatrix from a non-systematigen-
eratomatrix by replacingtheleft handsideof thema-
trix with the identity matrix, a badcodeis produced.
Alternatively we cancreatea systematianatrix from
a generatomatrix, G, by multiplying by the inverse
of asquare-matrixxomponentT, for example:

B 1+D?> D+D? 14D

G = ( D D%+1 D? ) @
_ 1+D? D+D?

T = ( D® D3+1> ®)

-1 10 %
TG = 01 D24D3 4
1+D2+D3+D?

If we useT~1G asour new generatomatrix it forms
thesamecodeasG; T~ only definesa corvolutional
scramblingof the input bits. If T is selectedso that
its determinants in theform 1+ (D), thenwe can
realiseit in a sequentiatircuit form with the denom-
inatorcorrespondingo feedbackn thedelayline.

It is importantto be able to representa convolu-
tional codeasa sequentiatircuit with a minimal set
of memoryelements.The contentsof the memories
definethe state;if we can minimise the numberof
memoriesve canreducethetrellis sizeandhencethe
compleity of decoding. In generalthis is the hard
problemof finite-state-machineninimization; how-
everfor R=N/(N+ 1) systematicodesheproblem
becomedrivial. We canusethedistributive andasso-
ciative propertiesof the finite field to reversethe or-
der of the delay and addition propertiesto comeup
with anothersimple representatiorcalled obsener
canonicalform. For examplefor the systematicen-

coder
1 0 D2
G= < 4D 2 (5)
1+D+D
0 1 5~
we canrepresenit usingtwo memoryelementgather

than four as we would have in controllercanonical
form. Thisformis shavn in figure 4.



2.2 Forward-backward algorithm

We will startby defininga coordinatesystemon the
trellis (i, j) wherei is a time coordinateand j a co-
ordinateover instantaneoustate. b™ representshe
path from state(t,k) to (t +1,m). The set L con-
tainsall thevalid branchesnthetrellis: £= {(k,m) :
abranchlinks state(i,k) to (i+1,m)}.

If we receve the sequencef binary vectorsR =
r1...7N, We thenwantto infer the original sequence
of vectorsws...vn. We calculatefor eachbit in the
original datastream:

PiM=1|R) = 5 Pr(vi=1|b™) Pr(b™ R)(6)
(km)eL
Oy Pr(j=1[bi™ Pr(R[b{™)(7)
(kmeL
wherewe have usedBayes' Theoremwith a uniform
prior acrosghebranchesThefirst termin equation/
is either0 or 1 dependingntheoutputcorresponding
to the branch. We canevaluatethe seconderm effi-
ciently usingthetrellis of the convolutionalcode.We
defineforwardprobabilitiesandbackwardlik elihoods
as

aj =
Bij =

Thesecanbeevaluatedrecursvely:

Qjj = % Qi1 Pr(ri—1|b ) (10)
k:(k,J)eL

Pr(r1...7i—1,paththrough(i, j)) (8)
Pr(ri...rn|paththrough(i, j))  (9)

Bi,] S BisakPr(ri[b) (11)

k(i Kec

with the following boundaryconditionsfor an unter
minatedblock:

ul,j = 6071 (12)
Bnrsi = 1 (13)

We canthenevaluate

Pr(R|bi™) = ot x Pr(ri o™ Bir1.m (14)

3 Experiments

A computersimulationof the communicatiorsystem
wastested.Theperformancef rateR= 3/4 corvolu-

tional codesover the binary symmetricchannelwith

flip probability ps = 0.01 wasstudied. The capacity
of this channelis 0.92 andthe computationatut-off

rate [9] is 0.74. The processof collecting the data
took thefollowing stages:

1. A randombinarydatasequencef qindependent
identicallydistributed(i.i.d.) bitswascreated.

2. This datasequencevasencodedusingthe cho-
sengeneratomatrix.
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Figure5: A graphof thebit errorprobabilityfor trans-
missionsusingaR = 3/4 codeovera 1% binarysym-
metric channel. The vertical lines representlc error
bars. The 180 bit block hasbeenannotatedvith the
regionsdescribedn the maintext.

3. Thefirstq/R=t bitsof theencodedstreamwere
takento simulatethe effect of beingin partof a
longerdatastream.

4. pst bits were randomlyflipped to simulatethe
recevedsequence.

5. The forward-backvard algorithm was usedto
decodethis recevved sequenceand a hard deci-
sionreturned.

6. This decisionwas comparedto the originally
transmittedsequencendthe location of errors
noted.

By repeatingthesetestsmary times and averaging,
estimatecerrorprobabilitiesfor eachbit couldbe ob-

tained. For eachbit, eachsampleis independent;
however, therewill be correlationsn errorsbetween
neighbouringbits as errorsfor corvolutional codes
tendto occurin bursts.

3.1 A samplesetof errors

Two experimentswere conductedon identical non-
catastrophicR = 3/4 corvolutional codesto deter
mine the characteristidorm of results. The trans-
missionof 100,000unterminatedlocksof 180 data
bits and100,000unterminatedlocksof 360databits
weresimulated.Theestimategrobabilityof errorfor
eachbit in theblocksis shovn in figure 5.
Eachgraphhasthreedistinctregionsasmarked:

Ending Tail. The probability of error decreasess
the decodingdelayincreasesThe protectionof
the bits is increasingas the encoders statebe-
comesmorewell known in this region.

Err or Floor. For databitsin the middle of thetrans-
missionthereis a constantprobability of error.



Thesebits are equally well protectedand the
end-efectshave becomeunimportant- this can
be confirmedby seeingthatthe differing length
transmissiondave the sameerrorfloor. It is ex-
pectedhatfor acatastrophicodethisflat region
would not exist.

Starting Tail. Early in the code block the stateis
more well known as the encoderstartsin a
known state,hencethe probability of error de-
creases.

3.2 Comparison of non-systematic and
systematicgenerator matrices for a
“good” code

An optimalR = 3/4, m= 3, v = 9 generatomatrix
was taken from Chang,Hwang, and Lin [2]. The
transmissiorand decodingof 100,000unterminated
blocksof 180 databits wassimulatedusingthis gen-
erator matrix. Then a systematicgeneratormatrix
for the samecodewascreatedandthe experimentre-
peated.The probability of bit errorfor the two gen-
eratormatricesis shown in figure 6. The systematic
codehastwo desirableeatures:

e The probability of bit erroris in generallower
thanthe non-systematicode— a deviation from
the correctpathin thetrellis of the codeis more
likely to decodéo theoriginally transmittedoits
for asystematicode.

¢ Thebit errorprobabilitydoesnotincreaseabove
the channelerror probability. In the worst case
no informationon the stateis known andthe de-
coderwill just report back the systematicbits
asreceived. The bit error probability becomes
“unclamped”from the channelerror probability
only when enoughinformationis known about
thestateandthe Hammingdistancebetweertrel-
lis pathsbecomegreatenoughfor errorcorrec-
tion to occur

3.3 Comparison of “good” and random
systematicgenerator matrices

A randomsystemati@eneratomatrix (R=3/4,m=

9, v = 9) realizablein obsenrer-canonicalform was
created. This generatorwas then comparedto the
systematicversion of the “good” codeusedin sec-
tion 3.2. The resultsare shavn in figure 7. These
codesshaw similar performancethe maindifference
is at very shortdecodingdelays,wherethe random
codeperformsworse.In therandomconstructiorthe
penultimatememoryelementdid not have ary con-
nectionsto it, thereforeno more protectionwas of-

feredto thebits attheendof atransmission.
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Figure 6: A graphof bit error probability for sys-
tematicandnon-systematigeneratomatricesof the
sameR = 3/4 codeovera 1% binarysymmetricchan-
nel
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Figure8: Comparisorof differentmemorysize

3.4 Dependenceon memory size

Randomcodeswith differentmemorysizeswerein-
vestigatedand are shown in figure 8. The gradient
of the endingtails is similar in eachgraph;the main
variationbetweerthemis the level of the errorfloor.
This variationis as expectedasa more complicated
codegenerallyhasa bettererror correctingcapabil-
ity. The Zigangiros upperboundon the contribution
to bit errorprobability by finite decodingdelay[9] is
alsoshavn onthegraph.

The position of the transitionfrom the error floor
to the endingtail region (as shown in figure 5) ef-
fectively definesthe decodingdelay one shoulduse
to fully exploit the error correctingabilities of the
code. The sectionof the graphfrom decodingde-
lay 20 to 140 (theserangeswerechosenso asto ex-
cludethestartingtail andremovetheeffectof thefew
“clamped” bits) was modelledastwo sections. The
errorfloor wastaken to be a constanterror probabil-
ity and the endingtail a log scalestraightline. A
maximum likelihood bestfit procedurewas carried
outwith the gradientof the endingtail line keptfixed
at the gradientfound for the maximummemorysize
point (otherwisethe length of the tail wastoo small
for theprocedurdo work reliably). Theresultswith a
line of bestfit (with afixedzerointercept)areshovn
in figure9. Onecanthereforededucehatthedecoder
shouldhave a delayof atleast7mto fully exploit the
error correctingability of thesecodes.

4 Discussion

The Zigangiros upperboundfor bit error probability
againstdecodingdelayasshown in figure 8 happens
to bethesameastherandom-codindoundfor bit er-
ror probabilityagainstlock size.Usingthesecoding
boundswve cancomparehow decodingdelayt affects
treecodesandblock codesof sizeN. For block codes
we will assumeeachbit haseitherthe channelerror
probability or the error probability from the random
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Figure9: Transitionfrom errorfloor to endingtail

codingbounddependingon whetherthe whole block
in which it lies hasbeenreceved. For tree codesto
outperformblock codeswe want:

Sexp(=EN)+(1-%) T<N
eXp(_ErT) < { gxp(—ErN) N >N
(15)

whereE; is therandomcodingexponent.For Tt < N
the (1 - §) term dominatesandthe first part of the
inequalitywill hold;the secondpartof theinequality
holdstrivially. Using Taylor expansionaroundN =t
theinequalitywasalsoshowvn to hold in this region.

It would be desirableto lower the error floor fur-
ther Theobviousway of doingthis, by increasinghe
memorysize,is notimmediatelyfeasiblein theset-up
describedn this paper;the computationaktomplec-
ity of the forward-backvard algorithm scalesexpo-
nentially with the memorysize. Alternative methods
couldbeused:

Sequentialdecoding This techniquewould allow
the memorysizeto be increasedurther asthe
decodeoesnot visit all trellis branchesHow-
ever, it is only efficient belor the computational
cut-off rate — a lower rate codewould have to
be usedover the example channelabove. Se-
guentialdecodings amaximumlik elihoodtech-
nigue, so exact a posteriori probability decod-
ings are not reached- this is a particularcon-
cernin the endingtail. Also whenfacedwith
bursty channelsor loss of synchronizatiorthis
algorithmcanloseany computationahdwvantage.

Turbo code. A turbo codedesigncould be used. A
very high rate code coupledwith an R = 3/4
code could shav a similar performancen the
endingtail but beableto lowertheerrorfloor fur-
ther Theform of the very high ratecodewould
needto be carefully investigatedas puncturing
is known to causeproblemsin turbo codesand
non-puncturea@orvolutionalcodeshecomehard
to handleastherateis increased.
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