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Abstract

Coding for channels with synchronization errors is studied. Marker
codes, each consisting of a low-density parity-check code with inserted
markers, are developed. At low insertion-deletion probabilities marker
codes are shown to outperform watermark codes. Full iterative de-
coding enhances performance to close to the capacity bounds. The
low-density parity-check codes are optimized and the best known rate
R = 0.5 code for the insertion-deletion channel presented. The codes

are also shown to be effective on the bit-deletion channel.

1 Introduction

In this paper we look at coding for channels with synchronization errors.

Such channels are common, examples include:

Serial line The clock speed of the transmitter may not be accurately known
(for instance due to temperature variations in the clock) so the time

of arrival of each transmitted bit is not known.



Hard disc Variations in the rotation speed (for instance due to mechanical
vibrations or shock) mean the position of the head relative to the

platter may be uncertain.

DAT tape Tape stretch leads to problems similar to those suffered by a
hard disc.

We follow an information theory convention and model such a channel
by random uncorrelated insertion or deletion events at unknown positions.
A flowchart of the channel model is shown in figure 1. The capacity for
channels of this kind is not known exactly. A capacity lower bound from
[26] and an upper bound from [24] are used in this paper.

Marker codes [11] were originally designed to be able to deal with single
insertion or deletion error events. The bit stream to be transmitted has a
regular marker (or header) inserted in it. For example the marker ‘001’ may

be inserted between every 4 data bits:
01101100101010 + 01100011100001101000110

The decoder can look for the markers and use any shift in their position to
deduce bit loss or gain. Errors in the matched sequence can then be corrected
with a conventional code. With advances in computer power probabilistic
sequence matching, as described below, can be carried out. The coding
system is shown in figure 2. We use a low-density parity-check outer code;
such a code is ideally suited to incorporation in a probabilistic message-
passing scheme and does not contain local structure.

Watermark codes [6] are a similar scheme, but rather than having bursts
of synchronization information and bursts of data, the information is dis-
tributed uniformly. To encode, the data bits are uniformly sparsified and
then added to a watermark sequence. To decode, probabilistic resynchro-

nization can be carried out with the watermark sequence.



In the literature, watermark codes appear to present the best simulation
results. Other coding schemes have been presented which may be of interest

for computational or theoretical reasons. A few are listed below:

Comma-free codes The codewords are constructed so that they have the
property that no overlap between the codewords can be confused as a
codeword [21]. If a codeword is corrupted with an insertion or deletion
it is possible to regain synchronization after the error, however error

correction within the corrupted codeword is not generally possible [1].

Convolutional coding In [7] a standard convolutional code encoder with a
set of normal decoders is used. This leads to a computationally efficient
scheme, but the results are disappointing. A modified convolutional

encoder and decoder are used in [22] to achieve promising results.

Levenshtein codes In a similar manner to the Hamming distance, the
Levenshtein distance [13] between words is the minimum number of
insertions or deletions necessary to get from one word to another.
Codes exist which try to optimize the minimum Levenshtein distance
between codewords but practical codes with good distance properties

have not yet been developed.

Schulman and Zuckerman codes Concatenated codes that are asymp-
totically good are presented in [18] but experimental results are not

developed. The codes appear to mainly be of theoretical interest [6].

See [20] for good coverage of older schemes.

Earlier work on marker codes [17] presented an experimental way to opti-
mize the markers based on the capacity of the effective channel illustrated in
figure 2. Algebraic optimization of markers has also been attempted [9, 12].
In this paper the results from [17] are extended by comparing complete

marker-code-based systems with watermark codes. The benefit of iterative



probabilistic resynchronization is also studied. We show simulation results

that outperform the best known results.

2 Probabilistic Resynchronization

We use the forward-backward algorithm to find the conditional probability
distribution of the transmitted bits given the received bits. We follow the
presentation of [17], modified to include iterative probabilistic resynchro-
nization.

Figure 3(a) shows a representation of synchronization errors. The solid
line indicates one particular sequence of insertions and deletions which then
defines a mapping from the transmitted bits to the received bits. If there
were no insertions or deletions the mapping would follow the dashed line —
this represents a one-to-one mapping between the received and transmitted
bits. To correspond to the three operations of the channel there are three

different types of moves possible on the grid, illustrated in figure 3(b):

Normal transmission (possibly including a bit flip) A diagonal move in
which the top left-hand end of the move lies on the intersection between
the row and column corresponding to the transmitted and received bits

respectively.

Insertion This corresponds to a horizontal move in which an extra random

bit appears in the received stream at the left hand end of the move.

Deletion This is a vertical move such that the transmitted bit correspond-
ing to the top of the move does not have a position in the received

stream.

We assume prior probabilities, g; = Pr(t; = 1), on each transmitted bit,

tj. The probability of a particular path and set of received of data r is:

Pr(path,r|g) = Pr(path) - Pr(r|path, g) (1)
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where

k(r,g) = Pr(r|g,normal transmission, pa;p) (3)

For non-iterative resynchronization g; is 0 or 1 in a marker and % otherwise.
In iterative resynchronization these “prior” probabilities outside the markers
are the messages passed back from the outer low-density parity-check code.
The probability of the path is given by a product of the probabilities for each
insertion (ping), deletion (pqe1) and normal transmission. The probability of
the received data for an inserted bit is % (in our channel model it is equally
likely to be a 0 or 1). Deletions do not give any received data and hence do
not contribute towards the probability of the received data.

When decoding we use the forward-backward algorithm [8] to marginal-

ize across all paths. We define a forward probability at a position (4, 7):
pe(i, j) = Pr(path goes through (4, j),r1...ri-1(g) (4)

There are only three ways the path can get to (¢,j) — it can arrive by a
horizontal, vertical or diagonal move from an adjacent space. So pg(i, j) can

be found recursively:

Pe(i, §) = Pins 5P (i1, j)+Pderpe (i, j—1)+(1—pael—Pins )k (ri-1, gj—1)pe (i—1, j—1)
(5)

as shown in figure 4. The boundary conditions, assuming that the synchro-

nization error is known to be zero initially, are p¢(0,0) = 1, and p¢(i,5) =0

for all points not on the grid.

Similarly, we define the backward probabilities:
pp(i,j) = Pr(r;...ry|path through (i, 5)) (6)

The backward message-passing algorithm for computing py (i, j) is simi-

lar to the forward algorithm above. The boundary conditions are py,(i,j) =0



for (7, 7) not on the grid, and py(N,i) = 1 for all rows i, where N is the last
column of received data.

The forward and backward messages pr and pp are used to infer the
posterior probability of each user bit, f; = Pr(t;|r), by marginalizing over

the diagonal and vertical edges in row j.

3 Comparison with Watermark Codes

In [17] it was shown that for a code system like that in figure 2 the capacity
of the effective channel seen by an outer code is higher for marker codes than
for watermark codes at low noise levels. The highest rate results published
for watermark codes [6] are at R = 0.71 with a block size of 4995. To match
this a marker code of the same overall rate and block size was created, code
A. The inner code was chosen to be good at a noise level ping = pger = 0.005
using the effective capacity technique outlined in [17]. The outer code was a
low-density parity-check code [14] with weight-2 and weight-3 columns. The
code parameters are shown in table 1. Decoding was as figure 2.

A comparison of the watermark and marker codes is shown in figure 5.
The marker code outperforms the watermark code, despite the watermark
code having been constructed with a code defined over a larger field (GF(16))
than the binary codes considered here.

The performance of the marker code is not close to the channel capacity
bounds. To try to approach the bounds, the outer code was optimized. The
threshold of an infinite loop-free low-density parity-check code as a function
of column weight distribution was evaluated using a Monte Carlo approach
[5]. In this procedure it is necessary to know the distribution of messages
sent by the channel. Statistics of the messages received by the outer code
were collected, figure 6. The distribution is almost symmetrical if given
a data sequence of i.i.d. bits. The simulation was carried out with an all

zero-transmission but with noise statistics as if they were i.i.d. data bits.



Despite the non-Gaussian form of the messages, degree sequences could not
be found that significantly outperformed good degree sequences obtained
from optimizations on the Gaussian channel [4]. This optimization was
carried out with the message histograms marginalized over all bits, figure
6(b). Perhaps if a different degree sequence for each bit between markers
were allowed, a further gain could be achieved; as figure 6(a) shows, bits
received near markers are more reliable than bits far away from markers.
Simulations using a good degree sequence from the Gaussian channel,
code B, are also shown in figure 5. The waterfall region is not much closer to
the channel capacity bounds, but it is close to the serial “capacity” (defined

from the effective capacity of the channel seen by the outer code [17]).

4 A Complete Iterative System

The outer low-density parity-check code is decoded with loopy belief propa-
gation. Various papers (for example [15, 25]) have shown that extending this
loopy belief propagation to include channel state estimation can be benefi-
cial to decoding performance. For the insertion-deletion resynchronization
phase it is expected that if we give the resynchronization algorithm more
information about the likely transmission, the accuracy of the resynchro-
nization will increase.

Watermark and regular marker codes were empirically discovered to have
similar performance near R = 0.5 by looking at the capacity of the effective
channel [17]. Therefore R = 0.5 codes with a blocksize of 4000 (to match
[6]) were studied.

As benchmarks, marker codes were decoded with the serial decoding al-
gorithm from section 3. The first simulation (code C) was with identical
markers of length 3 and a low-density parity-check outer code with weight-2
and weight-3 columns. Figure 7 shows that the watermark code has better

error floor behaviour. With identical markers catastrophic error propaga-



tion is possible in a marker code as the resynchronization can be shifted
by a multiple of a marker interval. Code D was similar to code C however
each marker was pseudo-randomly chosen from a set of two different mark-
ers. This improved the error floor and led to better performance than the
watermark code. An irregular low-density parity-check outer code (chosen
to be good on the Gaussian channel) was also tested and a small further
improvement found, code E.

Simulations were carried out with codes D and E using iterative resyn-
chronization. The algorithm is similar to the serial resynchronization al-
gorithm but with extrinsic information from the low-density parity-check
decoder fed back into the resynchronization stage (updating the values for
g in equation 2). The algorithm can be seen as loopy belief propagation on
a factor graph like figure 8. The resynchronization was carried out every
five iterations of the low-density parity-check decoder to increase the de-
coding speed as a low-density parity-check decoder iteration is faster than
probabilistic resynchronization. A more efficient schedule of steps may be
possible [2].

The simulation results are shown on figure 7. The figure shows that the
iterative approach significantly outperforms the serial approach and that
the waterfall region can be close to the channel capacity. It is worth noting
that the ranking of the codes is reversed between serial and iterative decod-
ing. This suggests that the choice of code to be used should be made in

conjunction with the decoding algorithm.

5 EXIT charts

To look into this swap in performance between serial and iterative decoding,
extrinsic information transfer (EXIT) charts [23] for the system were studied
at a noise level of ping = pgel = 0.04. EXIT charts allow a visualization of the

messages passed during decoding between two loop-free sections of the graph



describing the decoding. When a section is loop-free an “exact” inference
can be carried out in that subsection of the graph. At the limit of large block
size we can then look at the average statistical properties of the messages
into that section versus the messages coming out of that section. We assume
a Gaussian form to the distribution of messages. The transfer function of
the two graph sections can be put on opposing axes and then the expected
progress of infinite-blocksize decoding can be seen, as shown in figure 9.
A “staircase” is formed between the two curves with a step per iteration.
To decode, the staircase needs to reach the top right-hand corner (which
indicates totally confident messages). If there is an intersection between the
two curves this is not possible and a code is not expected to decode.

The EXIT chart of the resynchronization was obtained by a Monte Carlo
approach and a quadratic function fitted, figure 10(a). With no information
passed from the code to the resynchronization stage the maximum rate of
the outer code with serial decoding is shown at the intercept with the y-
axis. As the input information is increased the output information increases
but does not reach 1. This is due to remaining uncertainty in the exact
synchronization path and whether the bit in question may have been deleted
(and possibly reinserted).

The behaviour of the decoding algorithm can be seen in terms of mes-
sages being passed between the variable nodes and check nodes; a section
made up of check nodes and a section made up of variable nodes and resyn-
chronization are each individually loop-free. The transfer functions of the
check and variable nodes were calculated using the approximate forms from
[23]. We plot the complete EXIT charts in terms of these two loop-free sec-
tions. When the transfer function of the resynchronization is combined with
the transfer function of the variable nodes, the resultant transfer function
is expected to reach the top-right corner of the EXIT chart as the variable

nodes have degree greater than 1.



The code that performs well on the Gaussian channel leads to an EXIT
chart with an intersection, figure 10(b), so decoding is not expected to con-
verge. For the code with only weight-2 and weight-3 columns no intersection
is observed, figure 10(c), and therefore decoding is expected to converge. A
code with a softer response often performs better as part of an iterative
decoding scheme (for an extreme example see [16]).

The width of the swath between the curves can be used as a metric to
choose a better degree sequence. We only have the resynchronization EXIT
chart at one noise level. To create a better code we want to find a form
of curves that is less likely to have an intersection at a higher noise level.
As the noise increases the top curve moves down the chart, so keeping a
wide swath between the curves allows a larger noise level to be reached until
an intersection occurs. Better degree sequences were searched for using a
global optimization package [10]. The function maximized was the scale
factor applied to the top curve from y = 1 such that the scaled top curve
and bottom curve touch without crossing. Better thresholds could only be
found by increasing the number of weight-2 columns above the number of
rows in the parity-check matrix. This is not expected to produce a good

code as short cycles in weight-2 columns lead to low weight codewords.

6 Deletion Channel

Interest in the academic community has recently focused on the bit-deletion
channel (insertion-deletion channels where pins = 0). Researchers have gen-
erally used similar codes to those used on the insertion-deletion channel [19].

Simulations of the marker codes developed in this paper for the insertion-
deletion channel are shown on the bit-deletion channel in figure 11. The
codes significantly outperform other known deletion codes (for example al-

lowing approximately twice the transmission rate of [3]).
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7 Conclusion

We have shown that marker codes outperform watermark codes at rates
above 0.5. To avoid catastrophic decoding errors at higher noise levels the
use of pseudo-random markers from a set of different markers is necessary.
Iterative resynchronization provides better performance than serial resyn-
chronization, bringing the waterfall region close to the bounds on the channel

capacity.
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A B C D E

R|071 071 05 0.5 0.5

N | 4995 4995 4000 4000 4000

d| 19 19 9 9 9

m | 01 01 001 001/110 001/110
Nippc | 4521 4521 3001 3001 3001
Mippc | 969 969 1001 1001 1001

co | 968 963 1000 1000 927

c3 | 3553 2785 2001 2001 1572

cio| O 773 0 0 502

Table 1: The codes used in this paper. Markers (m) are inserted between
every d data bits. If more than one marker is available, the marker is chosen
pseudo-randomly. The low-density parity-check outer code was constructed

with ¢; columns of weight 7.
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