APPENDIX A

EXPONENTIAL FAMILY DISTRIBUTIONS

This appendix lists the exponential family distributions referred to in this thesis. Each dis-

tribution is written in its ordinary form and then in the standard exponential family form,
defined as,

P(z|y) = exp[¢(y) u(z) + f(x) + g(y)] (A.1)

where ¢(y) is the natural parameter vector and u(zx) is the natural statistic vector. For each

distribution P, the expectation of the natural statistic vector under P is also given.

A.1 Gaussian distribution

The Gaussian distribution, also known as the Normal distribution, is defined as

P(x) = N(z|pw~y™")

= \/;exp [—%(1‘ - M)Q} >0 (A.2)

where p is the mean and ~ is the precision or inverse variance. Being a member of the

exponential family, this distribution can then be written in standard form as

T
_ o x
N(z |yt =exp [ 7] [x2 + 1(logy — yu? —log2n) | . (A.3)
T2

The expectation under P of the natural statistic vector u, is given by

3]

The entropy of the Gaussian distribution can be found by replacing u(x) by (u(x))p in the

y ffyl ] . (A.4)

negative log of (A.3), giving

H(P) = 1(1 + log 2w — log 7). (A.5)
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A.2 Rectified Gaussian distribution

The rectified Gaussian distribution is equal to the Gaussian except that it is zero for negative

x, SO

P(x) = Nf(z|p~™)

V2 821 . >0
— ﬁerfc(—p\/«/_/z) exp [ 2 (l’ M) ] LTz (Aﬁ)
0 <0

where erfc is the complementary error function

erfe(x) = % /OO exp(—t?) dt. (A.7)

The rectified Gaussian distribution has the same natural parameter and statistic vectors as

the standard Gaussian. It differs only in f and g, which are now defined as

f@) = { Core (A8)
-0 : x<0
g(p,y) = 3(log2y —logm — ypu®) — logerfe(—pr/7/2). (A.9)

The expectation of the natural statistic vector is

2 _ 1
< [ x ] > _ B\ 5 atox(—in/a72) (A.10)
, .
X
P

2 -1 1 H
pey ™ erfex(—pr\/v/2)

where the scaled complementary error function erfex(x) = exp(z?) x erfe(x). For notes on
avoiding numerical errors when using Equation A.10, see Miskin [2000].
A.3 Gamma distribution

The Gamma distribution is defined over nonnegative = to be

P(z) = Gamma(z|a,b)

b2~ exp(—bx)
Ta) x>0;a,b>0 ( )

where a is the shape and b is the inverse scale. Rewriting in exponential family standard form

gives

+ alogb —logT'(a) (A.12)

log x

T
—b
Gamma(z | a,b) = exp [ ]
a—1




A.4. DISCRETE DISTRIBUTION 127

and the expectation of the natural statistic vector is

(o)) -

where we define the digamma function ¥(a) = 5% logI'(a). It follows that the entropy of the

b
af (A.13)
U(a) —logb

Gamma distribution is

H(P)=a+ (1 —a)¥(a) —logb+logI'(a). (A.14)

A.4 Discrete distribution

A discrete, or multinomial, distribution is a probability distribution over a variable which can
take on only discrete values. If x can only take one of K discrete values, the distribution is
defined as

P(z) = Discrete(z|p1...px)
K K
= D pidle—i) we{l. Kk} pi=1 (A.15)
=1 i=1
- P (A.16)

The discrete distribution is a member of the exponential family and can be written in standard
form
T
log p1 §(x—1)
Discrete(z |p1 ...pr) = exp : : (A.17)
log pk 6(z — K)

and the expectation of the natural statistic vector is simply

b1
< >: . (A18)

oz —K) |° PK
The entropy of the discrete distribution is H(P) = — ), p; log p;.

d(x—1)

A.5 Dirichlet distribution

The Dirichlet distribution is the conjugate prior for the parameters p;...pg of a discrete

distribution
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P(p1...px) = Dir(pr...px|u)

K
1 _
= 7w 17" pi>0> pi=1u>0 (A.19)
=1 ]

)

where u; is the ith element of the parameter vector u and the normalisation constant Z(u) is

Z(u) = w (A.20)
r (Zi:l “z) :

The Dirichlet distribution can be written in exponential family form as

T
up —1 log p1 K

Dir(p1...px |bfu) = exp : : +logI'(U) — Z I(u;) (A.21)
ug — 1 log px =1

where U = Zfi 1 ;. The expectation under P of the natural statistic vector is

- : (A.22)

< log p1 > Y(u1) —(U)
logpr |° Y(ug) —(U)

where the digamma function () is as defined previously.
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