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Abstract— Low-density parity-check (LDPC) codesin their broadersensedefinition are linear codeswhoseparity-
check matrices have fewer 1sthan Os. Finding their minimum distanceis thereforein generalan NP-hard problem; in
other words there existsno known polynomial deterministic algorithm to computethe minimum distanceof a particular,
nontrivial LDPC code.We proposea randomized algorithm called the approximately nearestcodewords (ANC) search-
ing approachto attack this hard problem for iterati vely decodableLDPC codes. The principle of the ANC searching
approachis to search codewords locally around the all-zero codeword perturbed by a minimum level of noise, antici-
pating that the resultant nearestnonzero codewords will mostlik ely contain the minimum-Hamming-weight codeword
whoseHamming weight is equalto the minimum distanceof the linear code. The effectivenesf the algorithm is demon-

strated by numerousexamples.
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. INTRODUCTION

OW-DENSITY parity-check(LDPC) codeswere originally introducedby Gallager[1]. They have
L againbecomeinterestingbecausef the succes®f iterative decodingfor Turbo codes[2]. LDPC
codesarecompetitorsof thesecodesastheir performancewith iterative decodingcloselyapproachethe
Shannorlimit [3-5]. Tanners graphicalrepresentationf LDPC codeg6], factorgraph[7], andForne/’s
normalgraph[8] arepowerful toolsfor analyzingcodeson graphsandtheir associatedterative decoding
algorithms,suchasthe sum-productlgorithm(SF).

A binary(n, k) linearcodeC is asetof binaryvectorsof lengthn, calledcodevords,thatsatisfya setof
m > (n — k) parity checkequationsA parity checkequationcanbe corvenientlyrepresentedsabinary

vectorof lengthn in whichal in positionj, 1 < j < n, impliesthatthe jth codevord symbolparticipates
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in the parity check. The setof m parity checkscanthenberepresentethy anm x n binary parity-check
matrix H. A 1in the (4, j)th positionin H, h;; = 1, indicatesthatthe ith parity checkinvolvesthe jth

symbolof the codevord or, equivalently, thatcodevord symbol; participatesn theith parity check.This

suggests naturalgraphicalrepresentationf the parity-checkmatrix H asabipartitegraphwith two kinds
of nodes:n symbolnodescorrespondingo the codevord symbols,andm checknodescorrespondindo

the parity checksrepresentetdy the rows of thematrix H. The connectity of the bipartitegraph,known

asthe Tannergraph,is suchthatthe parity-checkmatrix H is its incidencematrix, i.e., for eachl in the

(1, 7)th position,the graphhasan edgeconnectingchecknode: with symbolnodej.

A binary(n, k) LDPC code,in its broademefinition,is alinearblock codedescribedy asparsen x n
parity-checkmatrix H, i.e., H hasfewer 1sthan0s. Eachsymbolis checled by a smallnumberof parity
checksandeachparity checkincludesasmallnumberof symbols.An LDPC codeis called(d;, d.)-regular
if in the correspondindpipartitegraph,every symbolnodeis connectedo d, checknodesandevery check
nodeis connectedo d. symbolnodes otherwiseit is calledanirregularLDPC code.

Thereare several typical classef methodsto constructgood Tannergraphsor LDPC codes. Oneis
the classof randomconstructionsyhich is usedmostwidely [4, 9]. Anotheroneis the classof geome-
try/graphtheoreticconstructiong10-14]. A third classis the progressre-edge-graith (PEG)construction
[15-17] aiming at large girth, irregularity andeasyencoding.All thesecodesexhibit excellentempirical
performancevith thewidespreagbracticeof simulatingperformancenly down to ablock (bit) errorprob-
ability of 1075 (10~7). For lower errorprobabilitybeyondthe currentcomputingcapability onehasto rely
on the theoreticallyasymptoticperformance namelythe asymptoteof the union bound,which is exclu-
sively dependenbn the minimum distanced,,,;, andthe multiplicity a(dmi,). Unfortunately the problem
of computingd,,i, and/ora(dmi,) Of aparticularLDPC coderemaindargely open.Our goal of this paper
is to provide a solutionto dealwith this hardproblem.

Theunionboundmaynotbetheendof thestoryfor estimatingheperformanceainderiteratve decoding
atlow errorratebecaus®f the pseudo-codsordsdiscussedn [18]. Neverthelesst is still ausefultool as
it mayalsosuggeserrorfloorsasshavn by specificexamplesbelow.

The remainderof the paperis organizedasfollows. Sectionll givesa brief accountof the hardness
of computingor approximatingthe minimum distanceof linear codesaswell as of LDPC codes. We
proposeheso-callecapproximatelynearest-codeordssearchingpproachio attacktheminimumdistance
problemfor iteratively decodabld.DPC codesn Sectionlll. It compriseswo parts:the perturbingnoises

thatinheritandextendBerrou-\aton'simpulseerrorpattern[19], andthereliability-basedterative decoder
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that performsincompleteinformation set decodingon the leastreliable positions. SectionlV presents

numericalexamplesandSectionV concludeghepaper

Il. HARDNESS OF THE MINIMUM-DISTANCE PROBLEM

TheminimumdistancgMinDist) problemassociateavith alinearcodeis to find the minimumdistance
dmin Of the correspondingodedefinedby a parity-checkmatrix H (or generatomatrix). The minimum
distanceof alinearcodeis obviouslyrelatedto its errorcorrectioncapability | (dmin — 1) /2] and,therefore,
finding dnin IS @ fundamentaktomputationaproblemin codingtheory A polynomialtime algorithmto
computethe distancewould be the ideal solutionto the problem,asit would be usedto constructgood
errorcorrectingcodesby choosinga parity-checkmatrix at randomand checkingwhetherthe associated
codehasa large minimum distance.Unfortunately no suchalgorithmis known. The compleity of this
problem(canit be solvedin polynomialtime?) wasfirst explicitly questionedy Berlekamp,McEliece,
andvanTilborg in 1978[20], who conjecturedt to be nondeterministigpolynomialtime (NP)-hard.This
conjecturewasfinally resoledin the affirmative by Vardy[21] in 1997,who proved that the minimum
distancecannotbe computedn polynomialtime unlessP=NP

In this sectionwe presentan alternatve, shorterbut non-rigorousproof of the hardnes®f the MinDist
problemof linear codes.Oneoutcomeof the plausibleproof s thatit canbe easilyextendedto establish
the hardnes®f the MinDist problemof LDPC codes.

Proposition 1: The MinDist problemof linear codesis NP-hard;sois the MinDist problemof LDPC
codesin their broadersenseadefinition.

Proof: Our approachs to take a known NP-hardproblem L andshow its equivalenceto the MinDist
problemin thesensehat,if analgorithm A solvestheMinDist problem thenL is alsosolvedby theoutput
of A. For this purposewe introducethe famous0/1-Linear Programming (0/1-LP) problemwhichis a

known NP-hardoptimizationproblem[22], namely:

[Input] Anm x n matrix H = [hi;li=1,... mj=1,.. n, @ndtwo vectorsb = (by, ..., by)’,
¢ = (ci,...,c,) for someintegersn, m, whereh;;, b;, ¢; areintegersfori = 1,... ,m,
17=1...,n.

[Constraint:] M(H,b,¢)={Z = (z1,... ,2,) € {0,1}"|HZ = b}.
[Costs:] Forevery Z = (z1, ... ,2,) € M(H,b,c), cost(Z,(H,b,c)) =Y r_, cizi .

[Goal:] Minimum.

Now we briefly outline how to relatethe 0/1-LP problemto the MinDist problem. Supposenalgorithm
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A solvesthe MinDist problemof thecodeC definedby the parity-checkmatrix H, i.e. Z* = (27, ..., 2})
is foundto be oneof the codevordsthat hasthe minimum Hammingweightd,,;,. Onecanchoosec* to
beanall 1'svectori.e. ¢* = (1,...,1)’, andconcerninghe constraintonejust needsetb = v* = HZ*,
thencost(Z*, (H,b*,¢*)) = Y ¢ | zF = dmin. Notethatthe constraintM (H, b*, ¢*) formsa hyperplane
of the codeC definedby the parity-checkmatrix H, namely for VZ € M(H,b*,c*), Z is a codavord of
C satisfyingHZ = b* = 0 (mod 2). Thereforesolving the MinDist problemmeanssolving the specific
0/1-LP problemwith M(H, b*,¢*). Recallthe factthatthe 0/1-LP problemis NP-hard,i.e. thereis no
known deterministigpolynomial-timealgorithmfor it. Thusthe MinDist problemshouldbe NP-hardtoo,
becausetherwisethis would be a contradiction. As the hardnessf the generic0/1-LP problemdoes
not rely on how densethe matrix H mustbe, we arguethatthe MinDist problemof LDPC codesin their
broadersensalefinitionis NP-hard. [ |

Recentlythe hardnesf the MinDist problemhasbeenrevealedever further, which shaved that the
minimum distanced,,;, of a linear codeis not approximableto within ary constantfactorin random
polynomialtime (RP),unlessNP=RP[23]. Particularly, it is hardto find approximatelynearestodevords
evenif thenumberof errorsexceedgheuniquedecodingadiusd,,, /2 by only anarbitrarily smallfraction
€dmin-

Looselyspeakingall thesehopelesstatementsoncerninghe MinDist problemapply againto LDPC
codes,aslong as LDPC codesare viewed as linear codeswith the densityof 1's in their parity-check
matriceslessthan1/2. This definition of LDPC codesis quite loose,becausalmostall practicalLDPC
codeshave a far sparseifannergraphthangeneralinear codesfor the benefitof gooditerative decoding
performance.For instance the original Gallagers LDPC codeshave only threelsin eachcolumn, as
do MacKay’s rate-1/2LDPC codesand Margulis and Ramanujan—Magulis [12] LDPC codes.lIt is very
likely thatan LDPC codedesignatedor iterative decoding(i.e. with a degreesequenc@air optimizedvia
densityevolution) haslessthanfive or six 1s per columnon average. To distinguishLDPC codesfrom
linear codesthatarenot amenabldo iterative decodingwe call themiteratively decodable LDPC codes.
The modifier iteratively decodableaswe shall seelater, playsan importantrole in the approximability
of the MinDist problem. The rathersparsecharacteristiof aniteratively decodabld.DPC codehasthe
potentialto make it possiblefor anefficientalgorithmto approximatets minimumdistancelndeed mary
LDPC codesconstructedrom Euclideangeometrydo not satisfythis definition but the minimumdistance
of thesecodescanin generabe determinedrom their structuralproperties.

The maximume-likelihood(ML) decodingproblemof linearcodess known to be NP-hard howeverthe
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iteratve decodingof LDPC codesarisesasagoodapproximatiorapproacho theML decodingproblemby
exploiting the sparsenessf the Tannergraphof iteratively decodabld. DPC codes.As the ML decoding
problemis closelyrelatedto the MinDist problem[21], onewould naturallyquestionwhetherthe MinDist
problemof iteratively decodabld.DPC codess approximable Althoughatheoreticalanswetis not avail-
ableyet, thisis very likely. Actually we do know an evenstrongerstatementegardinga specialsubclass
of LDPC codes,.e. cycle codeswhoseminimum distancecanbe exactly computedn polynomialtime.
By definition,a cycle codeis anextremelysparsd.DPC codein which eachcolumnhasonly two 1s. Its
MinDist problemcanbe readily solved by computingthe girth — the lengthof the shortestcycle— in a
Tannergraphrepresentation.

Proposition 2: Givenacycle Tannergraphwith d, = 2 edgesncidentto eachsymbolnode, assumehe

girth of thegraphis g. Thenthe minimumdistanced,,,;, of thecorrespondindpinary LDPC codesatisfies
dmin = 9/2 ; (1)

which canbe computedn polynomialtime.

Proof: Referringto [24, Theorem2.5], we know an upperbounddp,i, < ¢g/2. To show that dy,, is
exactly equalto g/2, onecanthink of an“active” subgraphin the Tannergraphinducedby a minimum
weightcodeavord. Adoptingthe notationof [25], a symbolnodewhoseassociatedaluein the minimum
weight codevord is nonzerowill be calledan active symbolnode. The edgesincidentto active symbol
nodeswill becalledactive edgesandthe checknodeswith atleastoneactive incidentedgewill becalled
active checknodes. Notethatin a binary LDPC code,ary edgeincidentto an active symbolnodemust
be active, and ary active checknodemustbe incidentto even active edges. Bearingin mind that each
active symbolnodein a cycle codehasonly two edgespnecandeducehat, startingfrom ary active edge
of a symbolnode,theremustbe a closedpath (cycle) within the active subgraphcomingbackfrom the
otheredgeof the samesymbolnode. As the shortestycle in the Tannergraphhasa lengthof g, we have
dmin > g/2, thereforewe have provedd,,;, = g/2. Thegirth of a Tannergraphcanbe computedn time

proportionalto n2. For adetailedalgorithmto computethe girth, we referthereaderto [9, 16]. [ |

[11. APPROXIMATELY NEAREST CODEWORDS SEARCHING APPROACH

For a particularLDPC codewith nontrivial minimum distance the computationof the minimum dis-
tancecanessentiallybe regardedasa combinatorialgraph-theoretiquestionof an evenvertex set. Any

exhaustve searclor branch-and-boundpproachrequiresexponentialcompleity andis oftentoo complec
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to implement. Onecanremove the requirementhat an algorithmfind the exactminimum distanceasa
fairly goodestimategapproximation)f the minimumdistancemay be satishctoryin mostpracticalcases.
Onetypical approximationapproachs local searchinsteadof exhaustve searchjn which only a portion
of codevordsaretakeninto account.

A concretelocal searchapproachto approximatethe minimum distanceof an iteratively decodable
LDPC code,calledthe approximately-nearest-coderds (ANC) searchjs proposedn this section. The
fundamentaprincipleis to perturbthetransmitvectorcorrespondingo theall-zerocodevord with random
and/ordeterministicnoise,andto usean efficient (iterative) decodingalgorithmto obtainapproximately
nearestodevords. The hopeis that, if the perturbingnoiseis minimizedso thatthe noise-corruptede-
ceivedvectoris decodedustbarelyaway from theall-zerocodevord andto theneareshonzerocodevord,
thenthereis a high probabilitythatthe Hammingweightof theneareshonzerocodavordwill revealinfor-
mationon the minimumdistance.lt is evidentthatthe efficiency of the ANC approachdependsrimarily

on the quality of the perturbingnoiseaswell asthe ability of the decodeto trapnearestodevords.

A. Perturbing Noise

To obtaina goodestimateof the minimum distanceof a particularLDPC code,it is critical to apply as
little noiseaspossiblesothatthe noiseenegy bringsthe decodemarginally away from theall-zerocode-

word. AssumeX = (—1,...,—1)" isthevectorassociateavith theall-zerocodevord by the modulation.

A.1 AWGN

The moststraightforvard perturbingnoiseis the additive white Gaussiamoise(AWGN), thatis to say

the corruptedvectorY = (y1, ... ,y,)’, usedastheinput of the ANC decoderis givenby

wherew; is aninstanceof AWGN with zero-meamndstandardlerivations, which shouldbeappropriately
adjusted/chosenEmpirically ¢ canbe chosento be a very small number resultingin a relatively high
signal-to-noiseatio (SNR).Althoughwith averylow level of disturbanceheprobabilitythatthe outputof
adecodedeviatesfrom theall-zerocodevordis quite small,oncethedecoderyieldsanonzerocodevord,
its Hammingweightis mostlik ely closeto or exactly equalto the minimumdistance.
Whentheperturbingnoiseis AWGN, areasonablyigh SNRshouldbechosenThehigherthe SNR,the

morelik ely the nearbycodevordscontainthe minimum-weightonzeracodevord. However, if the SNRis
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settoo high, theiterative decodercorvergesto the all-zerocodeavord quickly, makingit a difficult taskfor
the decodetto find nearbynonzerocodevords. Becauseof the two conflicting factorsthe computational
efficiengy turnsout to be low, althoughthe useof the AWGN as perturbingnoiseis intuitive and easily
concevable. Thuswe do not recommendhe AWGN as perturbingnoisein determiningthe minimum

distanceof anLDPC code.

A.2 Errorimpulse

Anotherknown noisepatternis theerrorimpulseproposedy Berrouet al. [19, 26], whichwasoriginally
proposedfor computingthe minimum distanceof Turbo codes. The corruptedvector which feedsthe

decoderhastheform
Y:(_]-a_]-a"':_1:_]—+Aia_]—7"'a_1)a (3)

where A; is a positive integer calledthe errorimpulse,and: is the positionof error It wasshowvn in [26]
that

Proposition 3: For ary errorpositions, thereexistsa positive errorimpulseA; suchthat

A = min{A4;|Y decodedo ary nonzerocodevord}

3

= max{A;|Y decodedo theall-zerocodevord}

- Zernc,lz?:l wy(Z),

whereY is decodedaccordingo theML criterionundertheimpulsenoisemodel,andwg (Z) is theweight

spectrunof the code. The minimumdistanceof the codeis
min = min A7. 4)

As exact ML decodingof Y is not practically feasible,Berrou, Vaton, Jez2queland Douillard [26]
conjecturedthat the minimum of individual maximummagnitudesof the error impulse correctedby a
Soft-In decodetbasedon the AWGN assumptiorcandirectly be usedasa goodestimateof the minimum
distance.

It is notewvorthy thatthis patternof noise,featuringno noiseat all exceptin position: whereA; is large,
is artificial andvery improbableon the AWGN channel.In addition,the iterative decodingperformance

may befar away from thatof the ML decodingperformancainderthe impulsenoisemodel. Thereforeit
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IS quitearguablethat (4) holdsfor computingthe minimumdistanceof ary linearcodeif thethresholdA?
is computedoy a Soft-Initeratve decoder

Neverthelessthe errorimpulsepatterncanbe usedasa classof perturbingnoisein the ANC approach,
whereA,; valuesaresetto betheminimumsothattheiterative decodedeviatesfrom theall-zerocodevord.
It shouldbe notedthat we do not use A} directly asthe estimateof the minimum distance,as doesin
[26]. Instead,our approachdependgrimarily on the ability of an ANC decodetto find nearbynonzero

codevordsaroundtheimpulse-errorcorruptedvectorY'.

A.3 Bit Reversing

For mediumandlarge block lengthLDPC codes saymorethan2,000bits, thethresholdA} underiter-
ative decodingcanbefoundto be extremelylarge or tendingto infinity, asthe natureof iterative decoding
is quite differentfrom the ML decoderundersingleimpulsenoisemodel. In this case theremight be no
valid errorimpulseexcitation for the ANC decoder To dealwith this issue,we proposea nenv concept
called“bit reversing”.

Denotey; astheharddecisionof ith componeny; of Y, anddefinethe costmetric(to beminimized)as
thediscrepang value:

L(ZY)= ) lul (5)
%#§i

ConsideringheerrorimpulseY” with € to breakties, e < 1,
Y=(-1,-1,---,=1,-1+ A4; —¢,-1,--- ,—1), (6)
we obtain
L0,Y)=A;—1—¢,
andfor acodevord Z(: z; = 1) of Hammingweightw with a 1 attheimpulseposition,we have
LZ(:z=1),Y)=w—-1.

With asuboptimundecodeit is thereforepossiblethatfor agivenvalue A of A;, ametricL(Z,Y) < A—1
is found,whereasothingis detectedvith Berrous methodfor animpulseof thevalueof A; = w. Thisis
particularlythe casewhentheblock lengthis large.

Theminimumdistancds relatedto bit-reversingmetricby

min =min L(Z(: 2, =1),Y) + 1. (7)
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However we cannot use (7) directly. As the A; doesnot always reflect the information of minimum

distancewe simply reversethatbit, i.e. we setA4; — e = +2,
Y =(-1,-1,---,-1,41,-1,--- ,—1). (8)
Besideghisreversing,we alsoneedadecodembleto find nearbycodevordsundertheconstrainof z; = 1.

A.4 Generalization

Thesingle-positionmpulseerrorandbit reversingcanbegeneralizedo multiple positionsin astraight-
forwardway. For simplicity, the caseof two impulsess discussedn thefollowing.

For oneimpulse,we have

LO0,Y)=A4;—€e—1 )
LZ(:z=1),Y)=w-1. (20)

Similarly, for two impulsesat positions: and; with magnituded;; — e — 1 each,we obtain

L(0,Y) = 2(Ay — ¢ 1) (1)
LZ(:z=1,2=1),Y)=w—-2. (12)

Theothercasesarenotintroducingasthey reducethe problemto thatof (9), (10). Hencewe have
dmm—QS’w—ZSQ(AZJ—G—l), (13)
which leadsto a directestimateof minimumdistance

Amin < 2(A2j — 6) or (14)
min < L(Z(: 2z =1,2; =1),Y) + 2. (15)
Againwe do notuse(14) and(14) directly, but usean ANC decodeto find the nearbycodevordsaround

the corruptedvector In principle,multiple bit-reversingnoisepatterncanalsobe usedasperturbingnoise
for the ANC decoder

B. Approximately Nearest Codewords (ANC) Decoder

The ANC approachor computingtheminimumdistanceof a particularLDPC codereliesontheheuris-

tic thatthe minimum perturbingnoisefor the decoderto mamginally deviate from the all-zerocodevord
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probablyleadsto the minimum-weightcodevord. An exactnearest-codeordsdecodemundercertaincri-
teria,e.g. ML, is computationallyinfeasible.We defineanapproximatenearest-codeordsdecoderwhich
is avariantof Fossoriersiterative reliability-basedIRB) decodingalgorithm[27]. ThelRB algorithmis a
nearML decodingmethodcombiningthe SFA andthe orderstatistic-decodingOSD) algorithm. At each
iteration, the reliability information,i.e. thea posteriori probabilities(]APPs)for eachbit deliveredby the
SFA decodeyis sortedto find the mostreliablebasis(MRB). Thena systematiageprocessingf candidate
codevordsexpressedn the MRB is performed.The differencebetweerthe ANC andthe IRB decodelis
thatthe formerhasonly to selectthe leastweight nonzerocodevord from the candidatdist asits output,
whereaghe latter hasto selectthe mostlikely codavord. Also, owing to the differentnatureof the noise
patternsadifferentreprocessingtratayy is usedin the ANC decoderThe ANC decodelpereachiteration

is summarizeasfollows.

« Sep 0: Performthe SR, deliveringreliability informationsfor eachbit.

« Sep 1. Determineandpermutethe positionsof N¢ leastreliablebits (marked aserasurespasedon the
APPsdeliveredby the SFA decoderto theleft of the parity-checkmatrix. The remainingpositions(non-

erasuresarepreloadedvith harddecision9) or 1 basedonthe SFA decodeioutputs.

« Sep 2: Performsemi-Gaussiagliminationon the permutedarity-checkmatrix from left to right, yield-
ing anapproximataupperdiagonalmatrix (seeFigurel). Thedependentolumnsencounterediuringthe
Gaussiareliminationare permutedhext to thelastindependentolumn. Denotethe numberof dependent

columnsby N¢.

« Sep 3: Try all thecombinationsonthe N¢ erasuregorrespondindo the dependentolumns.For each
combinationcheckthesetof parity-checkequationsVe — N4+1, ... , m. If any equatioris violated,abort
this combination. If all equationsare satisfied,thenthe remainingN¢ — N¢ erasureganbe determined
uniquelyby a simplerecursve procedurefirst the bit position V¢ — N¢ andlasttheleft-mostbit position,
by satisfyingthecheckequationsV¢ — N4, N¢ — N¢ —1,... ,1in sequenceln thisway avalid codevord

is obtained At most2™V¢ codavordscanbefoundat eachiteration.

If theinputto the ANC decodelis thebit-reversingnoisepatternspecifiedoy (8),the SFA decodedoes

not updatethe symbolnodeat thereversedbit positionsothatthe harddecisionof thatbit is always1.
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N € Least reliable

n

Fig. 1. A graphicalview of an approximateuppertriangle parity—checkmatrix after the permutationsand semi-Gaussian

eliminationin Step 2.

The above procedurehaltsuntil a valid codevord hasbeenreachedy the SFA decoderor amaximum
numberof iterationshasbeenfulfilled. The compleity of the ANC decoderperiterationdependsn the
compleity of SPA decodey the valuesof N¢ and N¢. In practice,the value of N¢ canbe adaptvely

adjustedsuchthat V¢ is keptto asmallnumbersay N¢ = 6 ~ 10.

Note thatstep3 is the dual formulationof OSD [28]. With respecto [27], step3 coversonly a small
partof the MRB (namelythe N4 leastreliable positionsof the MRB). However, this is perfectlymatched
with error patternganimpulseor a bit-reverse)andthe goal of the procedurd.e. finding a smallweight
codavord, whichimpliesthatmary mostreliablepositions(k — N¢) andtheir dependencesanbeassumed

to beerrorfree.

The conceptualdifferencebetweenthe ANC approachandthe impulse methodof Berrouand Vaton
is thatthe ANC doesnot rely on the correctnes®f (4), but on the codevordsfound aroundminimally
perturbedcorruptedvectors,i.e. the minimumdistancein the ANC approachis estimatedn the basisof
all codevordsfound (thusan upperbound),ratherthanthe integer valuesof A;’s. As a by-product,the

ANC approachalsoyieldsalower boundonthe multiplicity basedon the collecteddistinctcodevords.
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MacKay (495, 433) code
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Fig. 2. Approximatelylow-partHammingweightspectrunof MacKay’s (495,433)code.

IV. NUMERICAL RESULTS

In this sectionwe reportnumericalresultsobtainedby applyingthe ANC approacho differentclasses
of LDPC codes.In all examplesthe SFA usedby the ANC decodelis themin-sumapproximationversion
which is independenbf the noise varianceinitialization, and the perturbingnoiseis the error impulse
and/orthe bit-reversingoperatingon individual informationbits. We first considera MacKay'’s regular,
rate-433/499._DPC code (495, 433) [29]. We recordall the distinct codevords with Hammingweight
lessthan 20 of this code encounteredy the ANC approachasshovn in Figure 2. It turnsout that
this codehasa minimum distanceof 4 anda multiplicity of at least60. The minimum distancecanbe
verified exhaustvely by taking the generatomatrix of this (495, 433) codein the systematidorm and
computingthe input redundang weightdistribution for inputsof weight 1, 2, and 3 with the compleity
ZS: (433) ~ 2237, Figure 3 shawvsthe simulatedblock errorrateatalow SNRregion andthe approximate
Zu:r%ion boundbasedn the Hammingweightsof found codevords. The corvergenceof the simulatedolock
errorrateto theapproximateunionboundat high SNR confirmsthatthe ANC approachs a powerful tool
to computethe minimum distanceandapproximatehe correspondingnultiplicity for a particularLDPC

code.

We next investigatehe MinDist problemof anirregularrate-1/2.DPC codeconstructedby theprogressie-
edge-gravth (PEG) construction.The block lengthis 200, the symbol-nodesdgedistribution is selected
as0.31570x + 0.26758z% + 0.416722° andthecheck-nodedgedistributionis concentrateés0.4381z° +
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Fig. 3. Block errorrateperformancendthe approximataunionboundof MacKay's (495,433) code.

0.56192%. Sucha distribution pair is selectedrom Tablel in [30] andhasaniterative decodingthreshold
of 0.5153dB. It is likely thatthis distribution pair doesnot provide the bestsolutionfor alength200code
but thisissueis not essentiafor our purpose Figures 4 and 5 shav theapproximateljfow-partHamming
weightspectrumandblock error rate performancerespectrely. The minimum distances foundto be at
most8, andthe correspondingnultiplicity is atleast2. Specifically the obtainedweightdistribution with
onepositionof bit-reversingis A(z) = 1 + 228 + 2% + 521 + 12211 + 32212 + 54213 + 97214 + 224215 +
579216 + 126527 + 26782'® + 55862'° + - - -. This resultcanbe further refinedby alsoconsideringthe
resultsof two positionsfor bit-reversingas A (z) = 1+ 228 + 2% + 5210 + 122 + 32212 4+ 54213 4 97214 +
2242 + 59220 + 133927 4 29642 + 651521% + - - .. It canbe seenin Figure 5 thatthe approximate

unionboundpredictswell the block errorrate performanceatthe high SNRregion.

Using the ANC approachiogetherwith one-positionbit reversing,we have investigatedhe minimum
distanceand multiplicity issuesof the following LDPC codes: Mackays (3, 6)-regular (504, 252) and
(1008,504) codes,Margulis codep = 11, Ramanujan—Mayulis (13, 5) and (17, 5) codes. The results
arereportedin Tablel. We have alsotried to apply Berrouet al.’s impulsemethod,which wasoriginally
appliedto determineghe minimumdistanceof Turbo codeso thesecodes but the resultsarenot encour
aging: For Mackays’s (504, 252) and (1008, 504) codesthe minimum distanceis estimatedo be 15 and
38, respectiely; for the Ramanujan—Mayulis (13, 5) codeit is 74; andfor the Margulis codep = 11 and

the Ramanujan—Mayulis (17, 5) code,the impulse methodsimply failed and cannotyield a reasonable
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PEG (200, 100) code
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Fig. 4. Approximatelylow-partHammingweightspectrunof PEG(200,100)code.
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Fig. 5. Block errorrateperformanceandthe approximateunionboundof PEG(200,100)code.

number It shouldbe emphasizedhatthe valuesof the estimatedninimum distancegivenin Tablel are
basedon recordeddistinct codevordsandthusupperbounds,althoughwe trust that the estimatedmini-
mumdistanceby the ANC approachs mostlik ely thetrue minimumdistanceof thesecodes.lt is possible
in principle that somecodevordswith smallerHammingweight are missedby the ANC approach.lt is
alsolik ely thatsomecodeavordswith the sameHammingweightasthe minimumdistancearenot captured,

andthusthe multiplicity mightbeimprovedprovidedmorepatienceor morecomputingpoweris available.
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ESTIMATED MINIMUM DISTANCE AND MULTIPLICITY OF SOME WELL-KNOWN LDPC cobes uUsING THE ANC

APPROACH.
codename MacKay | MacKay | Margulis (p = 11) | (13,5) Ramanujan (17,5) Ramanujan
—Margulis —Margulis
codelength 504 1008 2640 4368 4896
codedimension 252 504 1320 2184 2474
minimumdistance| 20 34 40 14 24
multiplicity 2 1 66 2184 204

To cross-checlour results,we point out thattheseminimum distanceresultsarein goodagreemenwith
the analysisin [18], demonstratinghe effectivenessof the ANC approachfor computingthe minimum
distanceof iteratively decodabld.DPC codes.Referringto [18], it canalsobe pointedout thatthe union
boundbasedon the codedistancestructuremay not alwaysprovide an accurateepresentatioof iteratve

decodingat high SNR, but neverthelessemainsvaluable.

V. CONCLUSIONS

Startingwith the hardnessnalysisof the problemof computingthe minimumdistanceof LDPC codes,
we have proposedhe approximatelynearestcodevords (ANC) approachto attackthis MinDist problem
for iteratively decodabld.DPC codes.The principle of the ANC approachs to searchcodevordslocally
aroundtheall-zerocodevord perturbedy aminimumlevel of noise.Theresultannearestodevordsmost
likely containthe minimumHammingweightcodevord whoseHammingweightis equalto the minimum
distanceof thelinearcode.

We have consideredhree classesof perturbingnoise: oneis the corventional AWGN, ! oneis the
errorimpulsenoisefrom Berrouet al. andthe third is the bit-reversingnoise. The ANC decodercanbe
viewed as a modified versionof Fossoriers IRB nearML decoderin which the reprocessinghasehas
beenmodifiedbasedon the noisepatternsused. The effectivenesof this approachhasbeenverified by
numericalexamples. It is worth mentioningthat the proposedmodificationsof Berrouet al.’s impulse
methodcanbe appliedto the MinDist problemof turbocodes.

The ANC approachhasits limitations. For linear block codes,which are not amenableto iterative

!Notethatfor AWGN, thereprocessingf [27] is betterthanstep3 proposechere.But it wasnot usedherearyway.
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decoding,the iterative ANC decodergenerallyfails to find the nearestnonzerocodevords becausehe
SFA doesnot work well unlessa sparsegraphrepresentationvith a good degree distribution is used.
Neverthelessit seemghatin this areanot muchcanbe donefrom analgorithmicpoint of view, sincethe

approximatiorof theMinDist problemfor generidinearcodesasshavnin [23], is unfortunatelyNP-hard.
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