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Abstract— Low-density parity-check (LDPC) codesin their broader-sensedefinition are linear codeswhoseparity-

checkmatrices have fewer 1s than 0s. Finding their minimum distanceis therefore in generalan NP-hard problem; in

other words thereexistsno known polynomial deterministic algorithm to computethe minimum distanceof a particular ,

nontri vial LDPC code.We proposea randomized algorithm called the approximately nearestcodewords (ANC) search-

ing approach to attack this hard problem for iterati vely decodableLDPC codes. The principle of the ANC searching

approach is to search codewords locally around the all-zero codeword perturbed by a minimum level of noise,antici-

pating that the resultant nearestnonzero codewords will most lik ely contain the minimum-Hamming-weight codeword

whoseHamming weight is equal to the minimum distanceof the linear code.The effectivenessof the algorithm is demon-

strated by numerousexamples.
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I . INTRODUCTION

OW-DENSITY parity-check(LDPC) codeswereoriginally introducedby Gallager[1]. They have

againbecomeinterestingbecauseof the successof iterative decodingfor Turbo codes[2]. LDPC

codesarecompetitorsof thesecodes,astheir performancewith iterative decodingcloselyapproachesthe

Shannonlimit [3-5]. Tanner’s graphicalrepresentationof LDPC codes[6], factorgraph[7], andForney’s

normalgraph[8] arepowerful toolsfor analyzingcodeson graphsandtheir associatediterative decoding

algorithms,suchasthesum-productalgorithm(SPA).

A binary �����
	�� linearcode
 is asetof binaryvectorsof length � , calledcodewords,thatsatisfyasetof��� ������	�� parity checkequations.A parity checkequationcanbeconvenientlyrepresentedasabinary

vectorof length � in whicha1 in position � , ��������� , impliesthatthe � th codewordsymbolparticipates
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in theparity check.Thesetof � parity checkscanthenberepresentedby an ��� � binaryparity-check

matrix � . A 1 in the ����� �!� th positionin � , "�#%$'&�� , indicatesthat the � th parity checkinvolvesthe � th

symbolof thecodeword or, equivalently, thatcodewordsymbol � participatesin the � th parity check.This

suggestsanaturalgraphicalrepresentationof theparity-checkmatrix � asabipartitegraphwith two kinds

of nodes: � symbolnodescorrespondingto thecodeword symbols,and � checknodescorrespondingto

theparity checksrepresentedby therows of thematrix � . Theconnectivity of thebipartitegraph,known

astheTannergraph,is suchthat theparity-checkmatrix � is its incidencematrix, i.e., for each1 in the

���(�)�*� th position,thegraphhasanedgeconnectingchecknode� with symbolnode� .

A binary ���+�,	�� LDPCcode,in its broaderdefinition,is a linearblockcodedescribedby asparse�-� �
parity-checkmatrix � , i.e., � hasfewer 1sthan0s. Eachsymbolis checkedby a smallnumberof parity

checksandeachparitycheckincludesasmallnumberof symbols.An LDPCcodeis called ��.*/
�0.213� -regular

if in thecorrespondingbipartitegraph,everysymbolnodeis connectedto .!/ checknodesandeverycheck

nodeis connectedto .21 symbolnodes;otherwiseit is calledanirregularLDPC code.

Thereareseveral typical classesof methodsto constructgoodTannergraphsor LDPC codes.Oneis

theclassof randomconstructions,which is usedmostwidely [4, 9]. Anotheroneis theclassof geome-

try/graphtheoreticconstructions[10-14]. A third classis theprogressive-edge-growth (PEG)construction

[15-17] aimingat large girth, irregularity andeasyencoding.All thesecodesexhibit excellentempirical

performancewith thewidespreadpracticeof simulatingperformanceonly down to ablock(bit) errorprob-

ability of �54!6!78�9�:4!6*;,� . For lowererrorprobabilitybeyondthecurrentcomputingcapability, onehasto rely

on the theoreticallyasymptoticperformance,namelythe asymptoteof the union bound,which is exclu-

sively dependenton theminimumdistance.=<?>%@ andthemultiplicity AB��.2<?>%@:� . Unfortunately, theproblem

of computing.=<?>%@ and/or AB��.=<?>%@:� of a particularLDPC coderemainslargely open.Our goalof this paper

is to provideasolutionto dealwith this hardproblem.

Theunionboundmaynotbetheendof thestoryfor estimatingtheperformanceunderiterativedecoding

at low errorratebecauseof thepseudo-codewordsdiscussedin [18]. Neverthelessit is still ausefultool as

it mayalsosuggesterrorfloorsasshown by specificexamplesbelow.

The remainderof the paperis organizedasfollows. SectionII givesa brief accountof the hardness

of computingor approximatingthe minimum distanceof linear codesas well as of LDPC codes. We

proposetheso-calledapproximatelynearest-codewordssearchingapproachto attacktheminimumdistance

problemfor iteratively decodableLDPCcodesin SectionIII. It comprisestwo parts:theperturbingnoises

thatinheritandextendBerrou-Vaton’s impulseerrorpattern[19], andthereliability-basediterativedecoder
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that performsincompleteinformation set decodingon the leastreliable positions. SectionIV presents

numericalexamplesandSectionV concludesthepaper.

I I . HARDNESS OF THE M INIMUM-DISTANCE PROBLEM

Theminimumdistance(MinDist) problemassociatedwith a linearcodeis to find theminimumdistance

.2<?>%@ of thecorrespondingcodedefinedby a parity-checkmatrix � (or generatormatrix). Theminimum

distanceof a linearcodeis obviouslyrelatedto its errorcorrectioncapability C9��.=<?>%@D�E�F��GIHKJ and,therefore,

finding .2<?>%@ is a fundamentalcomputationalproblemin codingtheory. A polynomial time algorithmto

computethe distancewould be the ideal solutionto the problem,asit would be usedto constructgood

error-correctingcodesby choosinga parity-checkmatrix at randomandcheckingwhethertheassociated

codehasa largeminimum distance.Unfortunately, no suchalgorithmis known. Thecomplexity of this

problem(canit be solved in polynomialtime?) wasfirst explicitly questionedby Berlekamp,McEliece,

andvanTilborg in 1978[20], who conjecturedit to benondeterministicpolynomialtime (NP)-hard.This

conjecturewasfinally resolved in the affirmative by Vardy [21] in 1997,who proved that the minimum

distancecannotbecomputedin polynomialtimeunlessP=NP.

In this sectionwe presentanalternative, shorterbut non-rigorousproof of thehardnessof theMinDist

problemof linearcodes.Oneoutcomeof theplausibleproof is that it canbeeasilyextendedto establish

thehardnessof theMinDist problemof LDPC codes.

Proposition 1: TheMinDist problemof linearcodesis NP-hard;so is theMinDist problemof LDPC

codesin theirbroader-sensedefinition.

Proof: Our approachis to take a known NP-hardproblem L andshow its equivalenceto the MinDist

problemin thesensethat,if analgorithm M solvestheMinDist problem,then L is alsosolvedby theoutput

of M . For this purpose,we introducethefamous0/1-Linear Programming (0/1-LP) problemwhich is a

known NP-hardoptimizationproblem[22], namely:

[Input:] An ��� � matrix �N&POQ"R#S$,TU#WVBX Y%Z%Z%Z�Y [\Y $(VBX Y%Z%Z%Z]Y ^ , andtwo vectors_�&`��_aX
�:b:b:b?�0_,[c�3d ,e &P� e X
�ab:b:b?� e ^f�3d for someintegers ��� � , where "R#S$ , _0# , e $ areintegersfor �g&h�I�:b:b:bi� � ,

�j&k�I�:bab:bD�0� .
[Constraint:] l �m�n�0_F� e � = oqpr&s��tqX
�:b:bab?�,ta^=�vuwoK4*�:�fx ^zy �Ep{&|_5x .
[Costs:] For every p{&}��tqX~�:b:b:bD�0ta^=�cuEl ���n�,_5� e � , e~�q�:� �mp��F���n�,_5� e �(��&�� ^#WVBX e #�ta# .

[Goal:] Minimum.

Now we briefly outlinehow to relatethe0/1-LP problemto theMinDist problem.Supposeanalgorithm
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M solvestheMinDist problemof thecode
 definedby theparity-checkmatrix � , i.e. p���&���tI�X �:b:bab?�,tI�^ �
is found to beoneof thecodewordsthathastheminimumHammingweight .=<?>%@ . Onecanchoosee � to

beanall 1’s vector, i.e. e ��&P�9�f�:b:b:bD�a�F�3d , andconcerningtheconstraint,onejust needset _�&�_
��&���p�� ,
then e~�f�a� ��p � �F�m���,_ � � e � �(��& � ^#WVBX t �# &�.=<?>%@ . Note that the constraintl ���n�,_ � � e � � forms a hyperplane

of thecode 
 definedby theparity-checkmatrix � , namely, for �Dp�u�l �m�n�0_~��� e �0� , p is a codeword of


 satisfying �Ep�&�_ � &�4 (mod2). Therefore,solving theMinDist problemmeanssolving thespecific

0/1-LP problemwith l ���n�,_ � � e � � . Recall the fact that the 0/1-LP problemis NP-hard,i.e. thereis no

known deterministicpolynomial-timealgorithmfor it. ThustheMinDist problemshouldbeNP-hardtoo,

becauseotherwisethis would be a contradiction. As the hardnessof the generic0/1-LP problemdoes

not rely on how densethematrix � mustbe,we arguethat theMinDist problemof LDPC codesin their

broader-sensedefinitionis NP-hard. �
Recentlythe hardnessof the MinDist problemhasbeenrevealedever further, which showed that the

minimum distance.=<?>%@ of a linear code is not approximableto within any constantfactor in random

polynomialtime(RP),unlessNP=RP[23]. Particularly, it is hardto find approximatelynearestcodewords

evenif thenumberof errorsexceedstheuniquedecodingradius.=<?>%@:GIH by only anarbitrarilysmallfraction� .=<?>%@ .
Looselyspeaking,all thesehopelessstatementsconcerningtheMinDist problemapplyagainto LDPC

codes,as long as LDPC codesare viewed as linear codeswith the densityof 1’s in their parity-check

matriceslessthan1/2. This definition of LDPC codesis quite loose,becausealmostall practicalLDPC

codeshave a far sparserTannergraphthangenerallinearcodesfor thebenefitof gooditerative decoding

performance.For instance,the original Gallager’s LDPC codeshave only three1s in eachcolumn, as

do MacKay’s rate-1/2LDPC codesandMargulis andRamanujan–Margulis [12] LDPC codes.It is very

likely thatanLDPCcodedesignatedfor iterativedecoding(i.e. with a degreesequencepair optimizedvia

densityevolution) haslessthanfive or six 1s per columnon average.To distinguishLDPC codesfrom

linearcodesthatarenot amenableto iterative decoding,we call themiteratively decodable LDPC codes.

The modifier iteratively decodable,aswe shall seelater, playsan importantrole in the approximability

of the MinDist problem. The rathersparsecharacteristicof an iteratively decodableLDPC codehasthe

potentialto make it possiblefor anefficientalgorithmto approximateits minimumdistance.Indeed,many

LDPC codesconstructedfrom Euclideangeometrydo notsatisfythis definitionbut theminimumdistance

of thesecodescanin generalbedeterminedfrom their structuralproperties.

Themaximum-likelihood(ML) decodingproblemof linearcodesis known to beNP-hard,however the
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iterativedecodingof LDPCcodesarisesasagoodapproximationapproachto theML decodingproblemby

exploiting thesparsenessof theTannergraphof iteratively decodableLDPC codes.As theML decoding

problemis closelyrelatedto theMinDist problem[21], onewouldnaturallyquestionwhethertheMinDist

problemof iteratively decodableLDPCcodesis approximable.Althougha theoreticalansweris notavail-

ableyet, this is very likely. Actually we do know anevenstrongerstatementregardinga specialsubclass

of LDPC codes,i.e. cycle codes,whoseminimumdistancecanbeexactly computedin polynomialtime.

By definition,a cycle codeis anextremelysparseLDPC codein which eachcolumnhasonly two 1s. Its

MinDist problemcanbereadilysolvedby computingthegirth — the lengthof theshortestcycle — in a

Tannergraphrepresentation.

Proposition2: GivenacycleTannergraphwith .!/�&�H edgesincidentto eachsymbolnode,assumethe

girth of thegraphis � . Thentheminimumdistance.=<?>%@ of thecorrespondingbinaryLDPCcodesatisfies

.=<?>%@�&{�RGIH�� (1)

which canbecomputedin polynomialtime.

Proof: Referringto [24, Theorem2.5], we know an upperbound .=<?>%@�����GfH . To show that .2<?>%@ is

exactly equalto �RGIH , onecanthink of an “active” subgraphin the Tannergraphinducedby a minimum

weightcodeword. Adopting thenotationof [25], a symbolnodewhoseassociatedvaluein theminimum

weight codeword is nonzerowill be calledan active symbolnode. The edgesincident to active symbol

nodeswill becalledactive edges,andthechecknodeswith at leastoneactive incidentedgewill becalled

active checknodes.Note that in a binary LDPC code,any edgeincidentto an active symbolnodemust

be active, andany active checknodemustbe incident to even active edges.Bearingin mind that each

activesymbolnodein acyclecodehasonly two edges,onecandeducethat,startingfrom any activeedge

of a symbolnode,theremustbe a closedpath(cycle) within the active subgraphcomingbackfrom the

otheredgeof thesamesymbolnode.As theshortestcycle in theTannergraphhasa lengthof � , we have

.2<?>%@ � �RGIH , thereforewe have proved .=<?>%@�&��RGIH . Thegirth of a Tannergraphcanbecomputedin time

proportionalto �i� . For adetailedalgorithmto computethegirth, we referthereaderto [9, 16]. �
I I I . APPROXIMATELY NEAREST CODEWORDS SEARCHING APPROACH

For a particularLDPC codewith nontrivial minimum distance,the computationof the minimum dis-

tancecanessentiallybe regardedasa combinatorialgraph-theoreticquestionof an evenvertex set. Any

exhaustivesearchor branch-and-boundapproachrequiresexponentialcomplexity andis oftentoocomplex
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to implement.Onecanremove the requirementthatan algorithmfind the exactminimum distance,asa

fairly goodestimate(approximation)of theminimumdistancemaybesatisfactoryin mostpracticalcases.

Onetypical approximationapproachis local searchinsteadof exhaustive search,in which only a portion

of codewordsaretakeninto account.

A concretelocal searchapproachto approximatethe minimum distanceof an iteratively decodable

LDPC code,calledtheapproximately-nearest-codewords(ANC) search,is proposedin this section.The

fundamentalprincipleis to perturbthetransmitvectorcorrespondingto theall-zerocodewordwith random

and/ordeterministicnoise,andto usean efficient (iterative) decodingalgorithmto obtainapproximately

nearestcodewords. Thehopeis that, if the perturbingnoiseis minimizedso that thenoise-corruptedre-

ceivedvectoris decodedjustbarelyawayfrom theall-zerocodewordandto thenearestnonzerocodeword,

thenthereis ahighprobabilitythattheHammingweightof thenearestnonzerocodewordwill revealinfor-

mationon theminimumdistance.It is evidentthattheefficiency of theANC approachdependsprimarily

on thequalityof theperturbingnoiseaswell astheability of thedecoderto trapnearestcodewords.

A. Perturbing Noise

To obtaina goodestimateof theminimumdistanceof a particularLDPC code,it is critical to applyas

little noiseaspossiblesothatthenoiseenergy bringsthedecodermarginally away from theall-zerocode-

word. Assume ¡&s�3���f�:b:b:bD�a���F� d is thevectorassociatedwith theall-zerocodewordby themodulation.

A.1 AWGN

Themoststraightforwardperturbingnoiseis theadditivewhite Gaussiannoise(AWGN), that is to say,

thecorruptedvector ¢�&s��£!X
�ab:b:bD�0£K^f�3d , usedastheinput of theANC decoder, is givenby

£K#B&k���8¤�¥c#)� (2)

where¥c# is aninstanceof AWGN with zero-meanandstandardderivation ¦ , whichshouldbeappropriately

adjusted/chosen.Empirically ¦ canbe chosento be a very small number, resultingin a relatively high

signal-to-noiseratio(SNR).Althoughwith averylow level of disturbancetheprobabilitythattheoutputof

adecoderdeviatesfrom theall-zerocodeword is quitesmall,oncethedecoderyieldsanonzerocodeword,

its Hammingweightis mostlikely closeto or exactlyequalto theminimumdistance.

Whentheperturbingnoiseis AWGN, areasonablyhighSNRshouldbechosen.ThehighertheSNR,the

morelikely thenearbycodewordscontaintheminimum-weightnonzerocodeword. However, if theSNRis
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settoohigh, theiterativedecoderconvergesto theall-zerocodeword quickly, makingit a difficult taskfor

thedecoderto find nearbynonzerocodewords. Becauseof the two conflicting factorsthecomputational

efficiency turnsout to be low, althoughthe useof the AWGN asperturbingnoiseis intuitive andeasily

conceivable. Thuswe do not recommendthe AWGN asperturbingnoisein determiningthe minimum

distanceof anLDPCcode.

A.2 Error Impulse

Anotherknownnoisepatternis theerrorimpulseproposedbyBerrouet al. [19,26],whichwasoriginally

proposedfor computingthe minimum distanceof Turbo codes. The corruptedvector, which feedsthe

decoder, hastheform

¢�&s�9�§�I�:�§�I�:¨5¨5¨i�:���f�:���8¤�M�#)�a���I�a¨5¨5¨D�:�§�F�~� (3)

where M�# is a positive integercalledtheerror impulse,and � is thepositionof error. It wasshown in [26]

that

Proposition 3: For any errorposition � , thereexistsapositiveerrorimpulseM��# suchthat

M �# & ©�ªU«¬oFM�# y ¢ decodedto any nonzerocodewordx
& ©'­F®¯oFM�# y ¢ decodedto theall-zerocodewordx
& ©°ª]«±¯²~³ Y ´�µ¶VBX ¥¸·��mp��~�

where¢ is decodedaccordingto theML criterionundertheimpulsenoisemodel,and ¥¸·���p�� is theweight

spectrumof thecode.Theminimumdistanceof thecodeis

.=<?>%@�&|©°ª]«# M �# b (4)

As exact ML decodingof ¢ is not practically feasible,Berrou, Vaton, Jéźequeland Douillard [26]

conjecturedthat the minimum of individual maximummagnitudesof the error impulsecorrectedby a

Soft-In decoderbasedon theAWGN assumptioncandirectly beusedasa goodestimateof theminimum

distance.

It is noteworthy thatthis patternof noise,featuringno noiseat all exceptin position � whereM�# is large,

is artificial andvery improbableon the AWGN channel.In addition,the iterative decodingperformance

maybefar away from thatof theML decodingperformanceundertheimpulsenoisemodel. Thereforeit
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is quitearguablethat (4) holdsfor computingtheminimumdistanceof any linearcodeif thethresholdM��#
is computedby aSoft-In iterativedecoder.

Nevertheless,theerror impulsepatterncanbeusedasa classof perturbingnoisein theANC approach,

whereM�# valuesaresetto betheminimumsothattheiterativedecoderdeviatesfrom theall-zerocodeword.

It shouldbe notedthat we do not use M��# directly as the estimateof the minimum distance,asdoesin

[26]. Instead,our approachdependsprimarily on the ability of an ANC decoderto find nearbynonzero

codewordsaroundtheimpulse-errorcorruptedvector ¢ .

A.3 Bit Reversing

For mediumandlargeblock lengthLDPC codes,saymorethan2,000bits, thethresholdM��# underiter-

ativedecodingcanbefoundto beextremelylargeor tendingto infinity, asthenatureof iterativedecoding

is quitedifferentfrom theML decoderundersingleimpulsenoisemodel. In this case,theremight beno

valid error-impulseexcitation for the ANC decoder. To dealwith this issue,we proposea new concept

called“bit reversing”.

Denote ¹£K# astheharddecisionof � th component£K# of ¢ , anddefinethecostmetric(to beminimized)as

thediscrepancy value:

L���p��0¢��\&�º´mµ�»V�¼½ µ
y £K# y b (5)

Consideringtheerrorimpulse ¢ with � to breakties, �v¾ � ,
¢�&}�3���I�a���I�a¨5¨5¨D�:�§�I�:�§�v¤�M�#¬� � �:�§�I�:¨5¨5¨i�:���5�~� (6)

weobtain

L��m4*�,¢¿�\&|M�#¯����� � �
andfor acodeword p¿�9ÀIta#D&��F� of Hammingweight ¥ with a1 at theimpulseposition,wehave

L���p¿�3À2ta#i&��F�
�,¢¿�\&{¥��Á�Ib
With asuboptimumdecoderit is thereforepossiblethatfor agivenvalueM of M�# , ametric L���p��,¢��cÂÁMÃ���
is found,whereasnothingis detectedwith Berrou’s methodfor animpulseof thevalueof M�#i&|¥ . This is

particularlythecasewhentheblock lengthis large.

Theminimumdistanceis relatedto bit-reversingmetricby

.=<?>%@�&|©°ª]«# L���p��9À2ta#i&k�F�
�,¢��?¤r�Ib (7)
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However we can not use (7) directly. As the M�# doesnot always reflect the information of minimum

distance,wesimply reversethatbit, i.e. we set M�#¬� � &�¤§H ,

¢�&}�3���I�a���I�a¨5¨5¨?�:���f�
¤¿�I�:�§�I�:¨5¨5¨i�a���F�
b (8)

Besidesthisreversing,wealsoneedadecoderableto find nearbycodewordsundertheconstraintof ta#?&Ä� .
A.4 Generalization

Thesingle-positionimpulseerrorandbit reversingcanbegeneralizedto multiplepositionsin astraight-

forwardway. For simplicity, thecaseof two impulsesis discussedin thefollowing.

For oneimpulse,wehave

L���4R�,¢¿��&{M�#¯� � ��� (9)

L��mp¿�9À2ta#i&k�F�
�,¢¿��&{¥Å����b (10)

Similarly, for two impulsesat positions� and � with magnitudeM�#S$v� � ��� each,weobtain

L���4R�,¢��g&|H���M�#S$v� � �Å�F� (11)

L��mp¿�9À2ta#i&k�f�,t,$�&��5�~�,¢��g&r¥���Hjb (12)

Theothercasesarenot introducingasthey reducetheproblemto thatof (9), (10). Hencewe have

.=<?>%@���Hj��¥Å��H¿�|H���M�#S$8� � ���F�
� (13)

which leadsto adirectestimateof minimumdistance

.2<?>%@��{H���M�#S$v� � � or (14)

.2<?>%@��rL��mp¿�9À2ta#i&k�f�,t,$�&��5�~�,¢��?¤ÁH*b (15)

Again we do not use(14) and(14) directly, but useanANC decoderto find thenearbycodewordsaround

thecorruptedvector. In principle,multiplebit-reversingnoisepatternscanalsobeusedasperturbingnoise

for theANC decoder.

B. Approximately Nearest Codewords (ANC) Decoder

TheANC approachfor computingtheminimumdistanceof aparticularLDPCcodereliesontheheuris-

tic that the minimum perturbingnoisefor the decoderto marginally deviate from the all-zerocodeword
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probablyleadsto theminimum-weightcodeword. An exactnearest-codewordsdecoderundercertaincri-

teria,e.g.ML, is computationallyinfeasible.Wedefineanapproximatenearest-codewordsdecoder, which

is avariantof Fossorier’s iterativereliability-based(IRB) decodingalgorithm[27]. TheIRB algorithmis a

near-ML decodingmethodcombiningtheSPA andtheorder-statistic-decoding(OSD)algorithm.At each

iteration,thereliability information,i.e. thea posteriori probabilities(APPs)for eachbit deliveredby the

SPA decoder, is sortedto find themostreliablebasis(MRB). Thena systematicreprocessingof candidate

codewordsexpressedin theMRB is performed.ThedifferencebetweentheANC andtheIRB decoderis

that theformerhasonly to selectthe leastweightnonzerocodeword from thecandidatelist asits output,

whereasthe latterhasto selectthemostlikely codeword. Also, owing to thedifferentnatureof thenoise

patterns,adifferentreprocessingstrategy is usedin theANC decoder. TheANC decoderpereachiteration

is summarizedasfollows.

Æ Step 0: PerformtheSPA, deliveringreliability informationsfor eachbit.

Æ Step 1: Determineandpermutethepositionsof ÇnÈ leastreliablebits (markedaserasures)basedon the

APPsdeliveredby theSPA decoderto the left of theparity-checkmatrix. Theremainingpositions(non-

erasures)arepreloadedwith harddecisions0 or 1 basedon theSPA decoderoutputs.

Æ Step 2: Performsemi-Gaussianeliminationonthepermutedparity-checkmatrix from left to right, yield-

ing anapproximateupperdiagonalmatrix (seeFigure1). Thedependentcolumnsencounteredduringthe

Gaussianeliminationarepermutednext to thelast independentcolumn.Denotethenumberof dependent

columnsby Ç�É .
Æ Step 3: Try all thecombinationson the Ç É erasurescorrespondingto thedependentcolumns.For each

combination,checkthesetof parity-checkequationsÇ È �jÇ É ¤��I�ab:b:bD� � . If any equationis violated,abort

this combination.If all equationsaresatisfied,thenthe remainingÇnÈv��ÇnÉ erasurescanbe determined

uniquelyby asimplerecursiveprocedure,first thebit position Ç È �wÇ É andlasttheleft-mostbit position,

by satisfyingthecheckequationsÇ È �ÊÇ É �0Ç È �ÊÇ É �Ë�I�:b:bab?�:� in sequence.In thiswayavalid codeword

is obtained.At most HfÌÎÍ codewordscanbefoundat eachiteration.

If theinput to theANC decoderis thebit-reversingnoisepatternspecifiedby (8), theSPA decoderdoes

not updatethesymbolnodeat thereversedbit positionsothattheharddecisionof thatbit is always1.
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Fig. 1. A graphicalview of an approximateuppertriangle parity–checkmatrix after the permutationsand semi-Gaussian

eliminationin Step 2.

Theaboveprocedurehaltsuntil a valid codeword hasbeenreachedby theSPA decoder, or a maximum

numberof iterationshasbeenfulfilled. Thecomplexity of theANC decoderper iterationdependson the

complexity of SPA decoder, the valuesof Ç È and Ç É . In practice,the valueof Ç È can be adaptively

adjustedsuchthat Ç É is keptto asmallnumber, say Ç É &{Ï�Ð}�54 .

Note that step3 is thedual formulationof OSD [28]. With respectto [27], step3 coversonly a small

partof theMRB (namelythe Ç É leastreliablepositionsof theMRB). However, this is perfectlymatched

with errorpatterns(an impulseor a bit-reverse)andthegoalof theprocedurei.e. finding a smallweight

codeword,whichimpliesthatmany mostreliablepositions( 	g�°Ç É ) andtheirdependencescanbeassumed

to beerror-free.

The conceptualdifferencebetweenthe ANC approachand the impulsemethodof BerrouandVaton

is that the ANC doesnot rely on the correctnessof (4), but on the codewordsfound aroundminimally

perturbedcorruptedvectors,i.e. theminimumdistancein theANC approachis estimatedon thebasisof

all codewordsfound (thusan upperbound),ratherthanthe integer valuesof M�# ’s. As a by-product,the

ANC approachalsoyieldsa lowerboundon themultiplicity basedon thecollecteddistinctcodewords.
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Fig. 2. Approximatelylow-partHammingweightspectrumof MacKay’s (495,433)code.

IV. NUMERICAL RESULTS

In this sectionwe reportnumericalresultsobtainedby applyingtheANC approachto differentclasses

of LDPCcodes.In all examples,theSPA usedby theANC decoderis themin-sumapproximationversion

which is independentof the noisevarianceinitialization, and the perturbingnoiseis the error impulse

and/orthe bit-reversingoperatingon individual informationbits. We first considera MacKay’s regular,

rate-433/495LDPC code(495, 433) [29]. We recordall the distinct codewordswith Hammingweight

lessthan 20 of this codeencounteredby the ANC approach,as shown in Figure 2. It turns out that

this codehasa minimum distanceof 4 anda multiplicity of at least60. The minimum distancecanbe

verified exhaustively by taking the generatormatrix of this (495, 433) codein the systematicform and

computingthe input redundancy weightdistribution for inputsof weight1, 2, and3 with thecomplexityÑ�#¶VBXÓÒ�Ô
Ñ Ñ#gÕ§Ö H � Ñ Z ; . Figure 3 shows thesimulatedblock errorrateat a low SNRregion andtheapproximate

unionboundbasedon theHammingweightsof foundcodewords.Theconvergenceof thesimulatedblock

errorrateto theapproximateunionboundat highSNRconfirmsthattheANC approachis a powerful tool

to computetheminimumdistanceandapproximatethecorrespondingmultiplicity for a particularLDPC

code.

Wenext investigatetheMinDist problemof anirregularrate-1/2LDPCcodeconstructedby theprogressive-

edge-growth (PEG)construction.Theblock lengthis 200, thesymbol-nodeedgedistribution is selected

as 4RbQ×R�FØfÙf4qÚ�¤Û4RbÜHfÏ=ÙfØfÝqÚ � ¤Û4*bQÞ��:Ï=ÙIHKÚ¯ß andthecheck-nodeedgedistribution is concentratedas 4RbQÞI×IÝR�aÚ¯7B¤
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Fig. 3. Block errorrateperformanceandtheapproximateunionboundof MacKay’s (495,433)code.

4RbàØqÏR�5áqÚ ß . Sucha distribution pair is selectedfrom TableI in [30] andhasaniterativedecodingthreshold

of 0.5153dB. It is likely thatthis distributionpair doesnotprovide thebestsolutionfor a length200code

but this issueis notessentialfor ourpurpose.Figures4 and 5 show theapproximatelylow-partHamming

weightspectrumandblock error rateperformance,respectively. Theminimumdistanceis foundto beat

most8, andthecorrespondingmultiplicity is at least2. Specifically, theobtainedweightdistribution with

onepositionof bit-reversingis Mj��t=�g&��8¤âHqtfã�¤âtfä�¤ÁØqt X�å ¤{�FHft X X ¤�×=Hft X � ¤�ØqÞ=t X Ñ ¤�á=Ùft X Ô ¤ÁHfHqÞ=t X 7�¤
ØIÙfáIt X ß8¤��FHfÏIØft X ;\¤rHfÏ=ÙfÝft X ãg¤|ØfØfÝIÏIt X äg¤�¨5¨5¨ . This resultcanbefurther refinedby alsoconsideringthe

resultsof two positionsfor bit-reversingas Mj��t=�g&��Î¤ËHftfã¬¤ætfäB¤ÛØft X�å ¤��FHqt X X ¤Ë×=Hqt X � ¤ÛØKÞ=t X Ñ ¤æá=Ùft X Ô ¤
HIHqÞ=t X 7 ¤�Øqá=Hft X ß ¤��:×I×IáIt X ; ¤{HqáIÏfÞ=t X ã ¤ÅÏ=Ø*�FØft X ä ¤�¨5¨5¨ . It canbeseenin Figure 5 that theapproximate

unionboundpredictswell theblockerrorrateperformanceat thehighSNRregion.

Using the ANC approachtogetherwith one-positionbit reversing,we have investigatedthe minimum

distanceandmultiplicity issuesof the following LDPC codes: Mackay’s (3, 6)-regular (504, 252) and

(1008,504) codes,Margulis code ç�&è�I� , Ramanujan–Margulis (13, 5) and(17, 5) codes. The results

arereportedin TableI. We have alsotried to applyBerrouet al.’s impulsemethod,which wasoriginally

appliedto determinetheminimumdistanceof Turbocodes,to thesecodes,but theresultsarenot encour-

aging: For Mackay’s (504, 252) and(1008,504) codesthe minimum distanceis estimatedto be 15 and

38, respectively; for theRamanujan–Margulis (13,5) codeit is 74; andfor theMargulis codeçÊ&��I� and

the Ramanujan–Margulis (17, 5) code,the impulsemethodsimply failed andcannotyield a reasonable
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Fig. 4. Approximatelylow-partHammingweightspectrumof PEG(200,100)code.
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Fig. 5. Block errorrateperformanceandtheapproximateunionboundof PEG(200,100)code.

number. It shouldbeemphasizedthat thevaluesof theestimatedminimumdistancegivenin TableI are

basedon recordeddistinct codewordsandthusupperbounds,althoughwe trust that the estimatedmini-

mumdistanceby theANC approachis mostlikely thetrueminimumdistanceof thesecodes.It is possible

in principle that somecodewordswith smallerHammingweight aremissedby the ANC approach.It is

alsolikely thatsomecodewordswith thesameHammingweightastheminimumdistancearenotcaptured,

andthusthemultiplicity mightbeimprovedprovidedmorepatienceor morecomputingpoweris available.
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TABLE I

ESTIMATED MINIMUM DISTANCE AND MULTIPLICITY OF SOME WELL-KNOWN LDPC CODES USING THE ANC

APPROACH.

codename MacKay MacKay Margulis (ç�&Ä�I� ) (13,5) Ramanujan (17,5) Ramanujan

–Margulis –Margulis

codelength 504 1008 2640 4368 4896

codedimension 252 504 1320 2184 2474

minimumdistance 20 34 40 14 24

multiplicity 2 1 66 2184 204

To cross-checkour results,we point out that theseminimumdistanceresultsarein goodagreementwith

the analysisin [18], demonstratingthe effectivenessof the ANC approachfor computingthe minimum

distanceof iteratively decodableLDPC codes.Referringto [18], it canalsobepointedout that theunion

boundbasedon thecodedistancestructuremaynot alwaysprovide anaccuraterepresentationof iterative

decodingathighSNR,but neverthelessremainsvaluable.

V. CONCLUSIONS

Startingwith thehardnessanalysisof theproblemof computingtheminimumdistanceof LDPC codes,

we have proposedtheapproximatelynearestcodewords(ANC) approachto attackthis MinDist problem

for iteratively decodableLDPC codes.Theprincipleof theANC approachis to searchcodewordslocally

aroundtheall-zerocodewordperturbedbyaminimumlevelof noise.Theresultantnearestcodewordsmost

likely containtheminimumHammingweightcodewordwhoseHammingweightis equalto theminimum

distanceof thelinearcode.

We have consideredthreeclassesof perturbingnoise: one is the conventionalAWGN, 1 one is the

error impulsenoisefrom Berrouet al. andthe third is thebit-reversingnoise. TheANC decodercanbe

viewed asa modifiedversionof Fossorier’s IRB near-ML decoderin which the reprocessingphasehas

beenmodifiedbasedon the noisepatternsused. The effectivenessof this approachhasbeenverifiedby

numericalexamples. It is worth mentioningthat the proposedmodificationsof Berrouet al.’s impulse

methodcanbeappliedto theMinDist problemof turbocodes.

The ANC approachhasits limitations. For linear block codes,which are not amenableto iterativeé
Notethatfor AWGN, thereprocessingof [27] is betterthanstep3 proposedhere.But it wasnot usedhereanyway.
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decoding,the iterative ANC decodergenerallyfails to find the nearestnonzerocodewordsbecausethe

SPA doesnot work well unlessa sparsegraphrepresentationwith a good degreedistribution is used.

Nevertheless,it seemsthat in this areanot muchcanbedonefrom analgorithmicpoint of view, sincethe

approximationof theMinDist problemfor genericlinearcodes,asshown in [23], is unfortunatelyNP-hard.
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