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Abstract

Bell and Sejnowski (1995) have derived a blind signal processingalgorithm for a non-linear
feedforward network from an information maximization viewpoint. This paper �rst shows that
the samealgorithm can be viewed as a maximum likelihood algorithm for the optimization of a
linear generative model.

Second, a covariant version of the algorithm is derived. This algorithm is simpler and
somewhat more biologically plausible, involving no matrix inversions; and it converges in a
smaller number of iterations.

Third, this paper givesa partial proof of the `folk-theorem' that any mixture of sourceswith
high-kurtosis histograms is separableby the classicICA algorithm.

Fourth, a collection of formulae are given that may be useful for the adaptation of the
non-linearity in the ICA algorithm.

1 Blind separation

Algorithms for blind separation (Jutten and Herault 1991;Comon et al. 1991;Bell and Sejnowski
1995;Hendin et al. 1994) attempt to recover sourcesignalss from observations x which are linear
mixtures (with unknown coe�cien ts V ) of the sourcesignals

x = Vs : (1)

The algorithms attempt to create the inverseof V (within a post-multiplicativ e factor) given only
a set of examplesf xg.

Bell and Sejnowski (1995) have derived a blind separationalgorithm from an information max-
imization viewpoint. The algorithm may be summarisedas a linear mapping:

a = Wx (2)

followed by a non-linear map:
zi = � i (ai ); (3)

where, for example, � = � tanh(ai ), with a learning rule:

� W / [W T]� 1 + zxT: (4)
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Another non-linear function of ai , yi = g(ai ), is also mentioned by Bell and Sejnowski, but it will
not be neededhere.

This paper has four parts. First it is shown that Bell and Sejnowski's (1995) algorithm may
be derived as a maximum likelihood algorithm. This has been independently pointed out by
Pearlmutter and Parra (1996) who also give an exciting generalization of the ICA algorithm.

Second, it is pointed out that the algorithm (4) is not covariant , and a covariant algorithm
is described which is simpler, faster, and somewhat more biologically plausible. This covariant
algorithm hasbeenindependently suggestedby Amari et al. (1996) and is usedby Pearlmutter and
Parra (1996).

Third, this paper gives a partial proof of the `folk-theorem' that any mixture of sourceswith
high-kurtosis histograms is separableby the classicICA algorithm.

Fourth, a collection of formulae are given that may be useful for the adaptation of the non-
linearity in the ICA algorithm.

2 Maxim um lik eliho od deriv ation of ICA

2.1 Laten t variable models

Many statistical models are generative models that make use of latent variables to describe a
probabilit y distribution over observables(Everitt 1984).

Examples of latent variable models include mixture models, which model the observables as
coming from a superposedmixture of simple probabilit y distributions (Hanson et al. 1991) (the
latent variables are the unknown class labels of the examples); hidden Markov models (Rabiner
and Juang 1986); factor analysis;Helmholtz machines (Hinton et al. 1995;Dayan et al. 1995); and
density networks (MacKay 1995;MacKay 1996).

Note that it is usual for the latent variables to have a simple distribution, often a separable
distribution. Thus when we learn a latent variable model, we are �nding a description of the data
in terms of independent components. One thus might expect that an `independent component
analysis' algorithm should have a description in terms of a generative latent variable model. And
this is indeed the case. Independent component analysis is latent variable modelling.

2.2 The generativ e model

Let us model the observablevector x = f x j gJ
j =1 asbeinggeneratedfrom latent variabless = f si gI

i =1
via a linear mapping V . The simplest derivation results if we assumeI = J , i.e., the number of
sourcesis equal to the number of observations. The data we obtain are a set of N observations
D = f x (n) gN

n=1 . We assumethat the latent variables are independently distributed, with marginal
distributions P(si jH ) � pi (si ). Here H denotesthe assumedform of this model and the assumed
probabilit y distributions pi of the latent variables.

The probabilit y of the observablesand the hidden variables, given V and H, is:

P(f x (n) gN
n=1 ; f s(n) gN

n=1 jV ; H ) =
NY

n=1

h
P(x (n) js(n) ; V ; H )P(s(n) jH )

i
(5)

=
NY

n=1

2
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i

pi (s
(n)
i )

! 3

5 : (6)

Hereit hasbeenassumedthat the vector x is generatedwithout noise,becausethis is the assumption
which leads to the Bell-Sejnowksi algorithm. It is straightforward to give another derivation in
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which the term �
�
x(n)

j �
P

i Vj i s
(n)
i

�
is replacedby a probabilit y distribution over x (n)

j with mean
P

i Vj i s
(n)
i . If this noise distribution has su�cien tly small standard deviation then the identical

algorithm results.

2.3 The lik eliho od function

For learning about V from the data D , the relevant quantit y is the likelihood function

P(D jV ; H ) =
Y

n
P(x (n) jV ; H ) (7)

which is a product of factors each of which is obtained by marginalizing over the latent variables.
We adopt summation convention at this point, such that, for example, Vj i s

(n)
i �

P
i Vj i s

(n)
i . A

single factor in the likelihood is given by1

P(x (n) jV ; H ) =
Z

dI s(n) P(x (n) js(n) ; V )P(s(n) ) (8)

=
Z

dI s(n)
Y

j

�
�
x(n)

j � Vj i s
(n)
i

� Y

i

pi (s
(n)
i ) (9)

=
1

j det V j

Y

i

pi (V
� 1

ij x j ) (10)

) logP(x (n) jV ; H ) = � log j det V j +
X

i

logpi (V
� 1

ij x j ): (11)

To obtain a maximum likelihood algorithm we�nd the gradient of the log likelihood. If we intro duce
W � V � 1, the log likelihood for a single examplemay be written:

logP(x (n) jV ; H ) = logdet W +
X

i

logpi (Wij x j ): (12)

We will needthe following identities:

@
@Vj i

logdet V = V � 1
ij = Wij (13)

@
@Vj i

V � 1
lm = � V � 1

l j V � 1
im = � Wl j Wim (14)

@
@Wij

f = � Vj m

�
@

@Vlm
f

�
Vl i : (15)

Let us de�ne ai � Wij x j , � i (ai ) � d logpi (ai )=dai and zi = � i (ai ), which indicates in which
direction ai needsto changeto make the probabilit y of the data greater. We may then obtain the
gradient with respect to Vj i using equations (13) and (14):

@
@Vj i

logP(x (n) jV ; H ) = � Wij � ai zi 0Wi 0j : (16)

Or alternatively, the derivative with respect to Wij :

@
@Wij

logP(x (n) jV ; H ) = Vj i + x j zi : (17)

If we chooseto changeW so as to ascendthis gradient, we obtain precisely the learning algorithm
in Bell and Sejnowski (1995) (equation 4).

1Recall that for scalars,
R

ds � (x � vs)f (s) = 1
j v j f (x=v):
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2.4 Examples

To help explain the generative modelling viewpoint, �gures 1a-c illustrate typical distributions
generatedby the independent components model when the components have 1=cosh and Cauchy
distributions. Figure 1d shows somesamplesfrom the Cauchy model. The Cauchy distribution,
being the more heavy{tailed, gives the clearestpicture of how the predictive distribution depends
on the assumedgenerative parametersV .

The two best known special casesare:

1. No nonlinearity. If � i (ai ) = � �a i , then implicitly we are assuminga Gaussiandistribution
on the latent variables. It is well known that the H-J algorithm only works becauseof its
non-linearities; if the algorithm has linear output z then all that is obtained is second-order
decorrelation. Equivalently, the Gaussian distribution on the latent variables is invariant
under rotation of the latent variables, so there can be no evidencefavouring any particular
alignment of the latent variable space.

2. A tanh nonlinearity. If � i (ai ) = � tanh(ai ) then implicitly weareassumingpi (si ) / 1=cosh(si ) /
1

esi + e� si
. This is a heavier-tailed distribution for the latent variables than the Gaussiandis-

tribution. But heavier tails still would be a possibility.

3. We could also usea tanh nonlinearity with gain � , that is, � i (ai ) = � tanh(� ai ). As � varies
the implied probabilistic model changes,and is given by pi (si ) / 1=[cosh(� si )]1=� . In the
limit of large � , the non-linearity becomesa step function and the probabilit y distribution
pi (si ) becomesa biexponential distribution, pi (si ) / exp(�j sj). In the limit � ! 0 pi (si )
approachesa Gaussianwith mean zero and variance 1=� .

3 A covarian t, simpler and faster learning algorithm

We have thus derived a learning algorithm which performs steepest descents on the likelihood
function.

Somedesignersof learning algorithms advocate the principle of covariance, which says, collo-
quially, that a consistent algorithm should give the sameresults independent of the units in which
quantities are measured(Knuth 1968).

A prime example of a non-covariant algorithm is the popular steepest descents rule. A dimen-
sionlessobjective function L(w) is de�ned, its derivative with respect to some parameters w is
computed, and then w is changedby the rule

� wi = �
@L
@wi

: (18)

This popular equation is dimensionally inconsistent: the left hand side of this equation has dimen-
sionsof [wi ] and the right hand sidehasdimensions1=[wi ]. The behaviour of the learning algorithm
(18) is not covariant with respect to linear rescaling of the vector w. Dimensional inconsistency
is not the end of the world, as the successof the backpropagation algorithm has demonstrated,
and indeed if � decreaseswith n (during on-line learning) as 1=n then the Munro-Robbins theo-
rem (Bishop 1992:p.41)shows that the parameters will asymptotically converge to the maximum
likelihood parameters. But the non-covariant algorithm may take a very large number of iterations
to achieve this convergence;indeed many former users of steepest descents algorithms prefer to
use algorithms such as conjugate gradients that adaptively �gure out the curvature of the objec-
tiv e function. The defenseof equation (18) that points out � could be a dimensional constant is
untenable if not all the parameterswi have the samedimensions.
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Figure 1: Illustration of the generative models implicit in the learning algorithm. (a) Dis-
tributions over two observables generated by 1=cosh distributions on the latent variables, for

V =

"
3=4 1=2
1=2 1

#

(compact distribution) and V =

"
2 � 1

� 1 3=2

#

(broader distribution). (b)

Contours of the generative distributions when the latent variables have Cauchy distributions. The
learning algorithm �ts this amoeboid object to the empirical data in such a way asto maximize the
likelihood. The contour plot in (b) does not adequately represent this heavy-tailed distribution.
(c) Part of the tails of the Cauchy distribution, giving the contours 0:01: : : 0:1 times the density at
the origin. (d) Somedata from one of the generative distributions illustrated in (b) and (c). Can
you tell which? 200 sampleswere created, of which 196 fell in the plotted region.
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The algorithm would be covariant if it had the form

� wi = �
X

i 0

M ii 0
@L
@wi

; (19)

where M is a matrix whosei; i 0 element has dimensions[wi wi 0]. From where can we obtain such a
matrix? Two sourcesof such matrices are metrics and curvatures.

3.1 Metrics and curv atures

If there is a natural metric that de�nes distances in our parameter spacew, then a matrix M can
be obtained from the metric. There is often a natural choice. In the special casewhere there is a
known quadratic metric de�ning the length of a vector w, then the matrix can be obtained from
the quadratic form. For exampleif the length is w 2 then the natural matrix is M = I , and steepest
descents is appropriate.

Another way of �nding a metric is to look at the curvature of the objective function, de�ning
A � �rr L (where r � @=@w). Then the matrix M = A � 1 will give a covariant algorithm; what
is more, this algorithm is the Newton algorithm, so we recognizethat it will alleviate one of the
principle di�culties with steepest descents, namely its slow convergenceto a minimum when the
objective function is at all ill-conditioned. The Newton algorithm convergesto the minimum in a
single step if L is quadratic.

In some problems it may be that the curvature A consists of both data-dependent terms
and data-independent terms; in this case,one might choose to de�ne the metric using the data-
independent terms only (Gull 1989). The resulting algorithm will still be covariant but it will
not implement an exact Newton step. Obviously there are many covariant algorithms; there is no
unique choice. But covariant algorithms are a small subsetof the set of all algorithms!

For the present maximum likelihood problem we have evaluated the gradient with respect to V
and the gradient with respect to W = V � 1. Bell and Sejnowski (1995) choseto perform steepest
ascents in W , a procedurewhich is not covariant. Let us construct an alternative algorithm that
is covariant with the help of the curvature of the log likelihood. Taking the secondderivative of
the log likelihood with respect to W we obtain two terms, the �rst of which is data-independent:

@Vj i

@Wkl
= � Vj kVl i ; (20)

and the secondof which is data-dependent:

@(zi x j )
@Wkl

= x j x l � ik z0
i ; (no sum over i ) (21)

wherez0 is the derivative of z. It is tempting to drop the data-dependent term and de�ne the matrix
M by [M � 1](ij )( kl ) = [Vj kVl i ]. However, this matrix is not positive de�nite (it has at least onenon-
positive eigenvalue), so it is a poor approximation to the curvature of the log likelihood, which must
be positive de�nite in the neighbourhood of a maximum likelihood solution. We must therefore
consult the data-dependent term for inspiration. The aim is to �nd a convenient approximation to
the curvature and to obtain a covariant algorithm, not necessarilyto implement an exact Newton
step. What is the averagevalue of x j x l � ik z0

i ? If the true value of V is V � , then



x j x l � ik z0

i
�

=
D

V �
j msm snV �

ln � ik z0
i

E
: (22)

We now make several severe approximations: we replaceV � by the present value of V , and replace
the correlated averagehsmsnz0

i i by hsmsn i hz0
i i � � mn D i . Here � is the variance{covariance matrix
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of the latent variables (which is assumedto exist), and D i is the typical value of the curvature
d2 logpi (a)=da2. Given that the sourcesare assumedto be independent, � and D are both diagonal
matrices. Theseapproximations motivate the matrix M given by:

[M � 1](ij )( kl ) = Vj m � mn Vln � ik D i ; (23)

that is,
M (ij )( kl ) = Wmj � � 1

mn Wnl � ik D � 1
i (24)

For simplicit y, we further assumethat the sourcesare similar to each other so that � and D are
both homogeneousand that � D = 1. This will eadus to an algorithm that is covariant with respect
to linear rescalingof the data x, but not with respect to linear rescalingof the latent variables. For
problems where theseassumptionsdo not hold, it will be straightforward to retain inhomogeneous
� and D. We thus use:

M (ij )( kl ) = Wmj Wml � ik (25)

Multiplying this matrix by the gradient in equation (17) we obtain the following covariant
learning algorithm:

� Wij = �
�
Wij + Wi 0j ai 0zi

�
(26)

Notice that this expressiondoes not require any inversion of the matrix W . The only additional
computation oncez has beencomputed is a single backward passthrough the weights to compute
the quantit y

x0
j = Wi 0j ai 0 (27)

in terms of which the covariant algorithm reads:

� Wij = �
�
Wij + x0

j zi

�
: (28)

3.2 Con trol of the step size

Finally, a comment should be made regarding the value of the dimensionlessquantit y � , assuming
that we implement the covariant algorithm `on{line'. If � is held to a constant value then one is
implicitly solving a weighted maximum likelihood problem with an exponential weighting of the
data. The parameterswill not converge to a limiting value but will di�use around the vicinit y of
the maximum likelihood parametersas old data points are forgotten. If one wants all data points
to receive equal weight so that the parameters to converge to a limiting value then � should go as
1=n asymptotically, where n is the number of the current data point. If the objective function is
quadratic and the algorithm implements the Newton step exactly then � going as 1=n causesthe
parametersto be exactly the maximum likelihood parametersfor all n. If the objective function is
not quadratic and we didn't choosethe matrix so that the Newton step is performed then at the
nth iteration the parametersare not necessarilyequal to the maximum likelihood parameters,but
asymptotically the parametersare guaranteed to convergeto the maximum likelihood parameters,
by the Munro-Robbins theorem (Bishop 1992:p.41).

3.3 Commen ts

This covariant algorithm is simpler than the Bell and Sejnowski algorithm: it hasno dependenceon
V , soit requiresno matrix inversionat all. This algorithm is thus not only dimensionally consistent
but it is also somewhatcloser to biological plausibilit y.

Key points:
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1. The Bell-Sejnowski algorithm is non-local, becauseit involvesa matrix inversion. The covari-
ant algorithm is local, involving only a single extra back-propagation through W .

2. The Bell-Sejnowski algorithm is not robust, becauseif the parametermatrix W strays towards
a value that is not invertible, then the gradient will diverge. In contrast, the covariant
algorithm has no such singular behaviour.

3. To make their algorithm well-behaved, Bell and Sejnowski made two modi�cations: (a) they
spherizedthe data �rst, transforming to a representation in which the data has homogenous
secondorder properties; (b) they used `batches' when training. Without these two modi�-
cations, the algorithm is very poorly conditioned. Both these steps intro duce a lag into the
learning process.

The preprocessingstepcanbeinterpreted asa way of making their steepestdescents algorithm
covariant. But it is quicker not to spherizethe data and to usethe covariant algorithm.

4. Note that if you want to solve a real application whereW might be continuously adapting in
time, the preprocessingrequirement is kind of cumbersome.

3.4 Demonstration

I have made a simple comparison of the time taken for the two algorithms to solve a 2 � 2
decorrelation problem (without spherizing the data).

Data was generated using a biexponential distribution for the sourcess1 and s2 and with
V = [[2; 1]; [3; 1]] (that is, source1 is twice as loud as source2 at microphone 1, and it is three
times as loud at microphone 2).

For practical purposesonemight wish to use`momentum' � , and / or batching of the data. For
simplicit y I usedno momentum and used batches of size either 1 or 200. (200 was the batch size
usedby Bell and Sejnowski.) The parameter � was either optimized by trial and error to a single
value giving the fastest convergence,or elseit was set to go as 1=n.

The results are shown in �gures 2 and 3.
Notice how much faster the covariant algorithm is, and note the noisinessof the Bell-Sejnowski

algorithm. Note also that the scatterplots show that the B-S algorithm has not converged to a
perfect solution. There is still easily detected mixing of the two sources.

4 Robustness to choice of nonlinear function

The literature on independent component analysis contains a folk theorem that the algorithm is
robust to the details of the sourcesthat are being separated,and that in particular the (� tanh)
function is likely to give good results for any sourceswith large kurtosis | that is, any sources
with su�cien tly heavy tails.

I now givea partial proof of this folk theorem. The following theoremis lessgeneralthan the folk
theorem in that it is only proven for two sources,for a limited set of high kurtosis distributions, and
with both sourceshaving the samedistribution. It is slightly more generalthan the folk theorem in
that it shows that a tanh function of any gain � (including a step function) hasthe samerobustness
property.

Without lossof generality we assumethat the true weights are W = V = I , with the question
then being, `could ICA �nd an alternative W which achieves greater likelihood?' The following
theoremassertsthat any other W (apart from trivial cases)achievesa lesserexpectedlog likelihood.
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Figure 2: (a) Time courseof weights using covarian t algorithm with � = 1=n. (b) � = 0:002. (a2)
Scatter plot of outputs versustrue sourcesignals, from example20000to 30000using the weights
in (a).
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Figure 3: (a) Time courseof weights using Bell-Sejnowski algorithm with � = 0:0005, batch size
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Theorem 1 Let data be generated from two sources both having symmetric density p(s) = p(� s).
Let x1 = s1 and x2 = s2, and de�ne P(x) = p(x1)p(x2). Let the data be modelled with Q(xjW ) =
det W Qs(Wx ) where Qs(s) =

Q
i q(si ), with d logq(s)=ds= � tanh( � s). If the true source density

p(s) is a continuous density that satis�es the heavy-tail condition:

d
ds

�
1
s

d logp
ds

�
> 0 8s > 0 (29)

and if W is a matrix with determinant 1 and I is the 2 � 2 identity matrix then
Z

d2x P(x) logQ(xjI ) �
Z

d2x P(x) logQ(xjW ) (30)

with equality holding only if W = I and in the trivial caseswhere W is a rotation-re
ection through
n� =2.

Comment: the constraint that W be a matrix with determinant 1 doesnot weaken the theorem.
If someoneclaims to �nd a non-trivial solution which has det W = � 6= 1, then we can stretch
the axes of s-spaceby a factor of

p
�; then the theorem says that by replacing W by I , the

expected value of the likelihood function will be increased.Thus the likelihood is maximized by a
W proportional to the identit y matrix.

4.1 Pro of

The proof proceedsin two steps,basedon the following decomposition of W . A 2� 2 transformation
W with determinant 1 hasthree degreesof freedomthat can be represented in terms of pure shears

S(� ) =

"
e� 0
0 e� �

#

and pure rotations R =

"
cos(� ) � sin(� )
sin(� ) cos(� )

#

thus:

W = EnR(� 2)S(� )R (� 1); (31)

whereE =

"
� 1 0
0 � 1

#

and n is zeroor one. [Wewill ignore this optional inversionin the following.]

In the �rst step we will show that for any probabilit y distribution p(s) and for any rotations
(� 1; � 2), the biggest likelihood is achieved by using a shear-lesstransformation (� = 0). In the
secondstep we show that out of all rotations, rotation through � = 0 gives the greatest likelihood.

4.1.1 Zero shear is best

Let W = R(� 2)S(� )R (� 1), with � 1 and � 2 �xed. We will show that out of all values of � , � = 0
achieves the greatest likelihood.

Transforming to the basisy1; y2 in which the shear is diagonal S(� ) =

"
e� 0
0 e� �

#

, the density

P(x) transforms to P(y) = p[cos(� )y1 + sin(� )y2] p [cos(� )y2 � sin(� )y1] and Q(x) transforms to

Q(y) =
1
Z

.
cosh

h
cos(� 2)e� y1 � sin(� 2)e� � y2

i
cosh

h
cos(� 2)e� � y2 + sin(� 2)e� y1

i
(32)

� 1
.

cosh
�
ce� y1 � se� � y2

�
cosh

�
ce� � y2 + se� y1

�
; (33)

where c � cos� 2 and s � sin � 2 and Z is independent of � , � 1 and � 2. To prove that � = 0 is the
maximum likelihood shear, the only property of p that we will need is that the density P(y) is
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invariant under a rotation through 90 degrees.That is P(y) = P(y ? ), where y ? = (y2; � y1). So
the integral of interest

L (� ) =
Z

P(y) logQ(y) (34)

can be rewritten

L(� ) =
1
2

Z
P(y)

h
logQ(y) + logQ(y ? )

i
(35)

= �
1
2

Z
P(y) log

h
cosh

�
ce� y1 � se� � y2

�
cosh

�
ce� � y2 + se� y1

�

cosh
�
ce� y2 + se� � y1

�
cosh

�
� ce� � y1 + se� y2

�i
(36)

= �
1
2

Z
P(y) log

h�
cosh

�
(cy1 + sy2)(e� � e� � )

�
+ cosh

�
(cy1 � sy2)(e� + e� � )

� �

�
cosh

�
(cy2 + sy1)(e� + e� � )

�
+ cosh

�
(sy1 � cy2)(e� � e� � )

�� i
: (37)

Here, we have used coshA coshB = cosh(A + B ) + cosh(A � B ). Examining the product inside
the logarithm, we notice that cosh

�
(cy1 + sy2)(e� � e� � )

�
achieves its minimum value of 1 only

when � = 0 (unless (cy1 + sy2) = 0, in which case this particular term is independent of � );
cosh

�
(cy1 � sy2)(e� + e� � )

�
achieves its minimum value when (e� + e� � ) is minimized, that is,

when � = 0 (unless (cy1 � sy2) = 0, in which casethis particular term is independent of � ); and
similarly the other two terms are minimized when � = 0. So for any non-zeroy the argument of
the logarithm is minimized by � = 0 (and only by this value of � ). So the maximum likelihood W
is shearless.

4.1.2 Zero rotation is best

Having proved that the maximum likelihood W is shearless,we now needto prove that the max-
imum likelihood W of the form W = R(� ) has � = 0 (or a multiple of � =2). We restrict our
attention to cases� 2 (0; � =4), since all other casescan be reduced to this interval. We param-
eterize x spaceby x = (r; � ) such that (x1; x2) = (r cos�; r sin � ); we use the samenotation for
y = R(� )x = (r; � + � ), and write Q thus:

Q(r; � j� ) = q(r cos(� + � ))q(r sin(� + � )) ; (38)

whereq(s) = 1=(Z cosh(s)). The crucial property required hereis that P(r; � ) = p(r cos� )p(r sin � )
is a decreasingfunction of � for � 2 (0; � =4), if p satis�es the condition of the theorem.
Pro of: If (x1; x2) = (r cos�; r sin � ) and x1 > x2 > 0 then

@
@�

log[p(r cos� )p(r sin � )] = �
d

dx1
logp(x1)r sin � +

d
dx2

logp(x2)r cos� (39)

= x1x2

�
�

1
x1

d
dx1

logp(x1) +
1
x2

d
dx2

logp(x2)
�

(40)

> 0 if
d
ds

�
1
s

d logp
ds

�
> 0 8s > 0: (41)

For example, since 1=cosh(s) satis�es this heavy tail condition, Q(r; � j0) is a decreasingfunction
of � for � 2 (0; � =4). Notice that under the transformation R(� ), for every point x A = (r; � ) that
is mapped to yA = (r; � + � ), there is a point x B = (r; � (� + � )) that is mapped to y B = (r; � � ),
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and thesepoints satisfy Q(r; � + � j� ) = Q(r; � � � � j� ) = Q(r; � j0).
Pro of:

Q(r;� � � � j� ) = q[r cos(� � )] q[r sin(� � )] = q[r cos(� )] q[r sin(� )] = Q(r; � j0): (42)

Using thesesymmetries we can obtain

L(0)� L (� ) = 4
Z

dr
Z � =4� � =2

� = � � =2
d� [P(r; � ) � P(r; � + � )] [logQ(r; � j0) � logQ(r; � + � j0)] (43)

Now throughout the rangeof this integral, both the terms [P(r; � ) � P(r; � + � )] and [logQ(r; � j0)�
logQ(r; � + � j0)] arepositive becauseP and Q are both monotonic asproved at equation (41). This
completesthe proof.

Perhapsa more general theorem could be proved which relies on somemoment properties of p
rather than a heavy-tailednessde�ned in terms of smoothnessproperties.

5 Learning of the nonlinearit y

Let us conclude by discussing how one might learn the density on the latent variables. (Bell
and Sejnowski 1995) discussthe concept of learning the nonlinearity, but don't give an explicit
algorithm for doing this. One can construct a family of parameterizeddistributions pi (which must
be explicitly normalized), then di�eren tiate the log likelihood.

5.1 Example of parameterization of non-linearit y: Studen t distribution

P(xj� ) =
�[( � + 1)=2]

(� � )1=2�[ � =2]
1

[1 + (x2=� )](� +1) =2
(44)

The derivative � is given by:

d logP(xj� )=dx = �
x (� + 1)
� + x2 (45)

Learning of � is achieved using the following gradient:

d
d�

logP(xj� ) =
1
2

"

	
�

� + 1
2

�
� 	

�
�
2

�
� ln

 
� + x2

�

!

+
x2 � 1
� + x2

#

; (46)

wherethe digammafunction 	( x) = d
dx log �( x). The following approximation is accurateto within

8% for all t (MacKay and Peto 1995):

	( t + 1=2) � 	( t) ' 1=t + log(t=(t + 1=2)): (47)

5.2 Learning of a tanh non-linearit y

Let the distribution be

p(xj� ) =
1=Z (� )

(cosh(� x))1=�
: (48)

As � increasesthis distribution tends to the biexponential distribution. The quantit y z in the
learning algorithm is given by

z = d logp=dx = � d=dx
1
�

logcosh(� x) = � tanh(� x): (49)
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The normalizing constant Z (� ) is given by the numerical approximation:

logZ (� ) = a log
�

c
�

+ 1
�

+ b (50)

where c = 1:397, a = 0:522 and b = 0:692. Using this formula we get

d logZ=d(log � ) ' � ac=(� + c) (51)

To learn � we needthe derivative

d logp(xj� )=d� ' � ac=(� + c) + log(cosh(� x))=� 2 �
x
�

tanh(� x) (52)

5.3 Non-equal dimensionalities

The real cocktail party problem, I > J is a challengenot addressedin this paper.
Let us now work out a learning algorithm for the caseI < J (i.e., fewer sourcesthan measure-

ments).
We de�ne a generative model V with pseudoinverse W � [V TV ]� 1 V T. We replace the �

function above by a narrow Gaussiandistribution. We assumefor simplicit y that the noiseon each
component j is indepependent with variance � 2

� � 1=� .
The likelihood function is:

P(f xgjV ) =
Y

n

Z
dI s P(x (n) js; V )P(s): (53)

Let us assumethat the noise level � 2
� is su�cien tly small that the term P(x (n) js; V ) has a sharp

peak that dominates each integral. Then each term in the product is a Gaussianintegral and the
log likelihood for a single term is (c.f. (MacKay 1992;Bretthorst 1988;Green and MacKay 1996)):

logP(x (n) jV ) =
J
2

log
�
2�

�
�
2

�
x (n) � Vs MP

� 2
�

1
2

logdet
�

V TV
2�

�
+ logP(sMP ); (54)

where
sMP = Wx : (55)

This expressionmay be di�eren tiated to obtain a learning rule for V . However, it may be more
interesting to pursue an alternative algorithm in which we do not assumethe abilit y to compute
the pseudoinverseW .

[Work in progress]

Ac knowledgemen ts

I thank Robert MacKay and GraemeMitc hison for helpful discussions.This work was supported
by the Gatsby charitable foundation.

References

Amari, S., Cichocki, A., and Yang, H., (1996) A new learning algorithm for blind signal separation.
To appear in NIPS96.

Bell, A. J., and Sejnowski, T. J. (1995) An information maximization approach to blind separation
and blind deconvolution. Neural Computation 7 (6): 1129{1159.

14



Bishop, C. M. (1992) Exact calculation of the Hessian matrix for the multila yer perceptron.
Neural Computation 4 (4): 494{501.

Bretthorst, G. (1988) Bayesian spectrum analysis and parameter estimation. Springer. Also
available at bayes.wustl.edu .

Comon, P., Jutten, C., and Herault, J. (1991) Blind separationof sources.2. problemsstatement.
Signal Processing 24 (1): 11{20.

Dayan, P., Hinton, G. E., Neal, R. M., and Zemel, R. S. (1995) The Helmholtz machine. Neural
Computation 7 (5): 889{904.

Everitt, B. S. (1984) An Intr oduction to Latent Variable Models. London: Chapman and Hall.

Green, A. G., and MacKay, D. J. C. (1996) Bayesian analysis of linear phased-array radar. In
Maximum Entropy and Bayesian Methods, Santa Barbara 1993, ed. by G. Heidbreder, pp. 309{
318, Dordrecht. Kluwer.

Gull, S. F. (1989) Developments in maximum entropy data analysis. In Maximum Entropy and
Bayesian Methods, Cambridge1988, ed. by J. Skilling, pp. 53{71, Dordrecht. Kluwer.

Hanson, R., Stutz, J., and Cheeseman,P. (1991) Bayesian classi�cation with correlation and
inheritance. In Proceedings of the 12th International Joint Conference on Arti�cial Intel ligence,
Sydney,Australia, volume 2, pp. 692{698. Morgan Kaufmann.

Hendin, O., Horn, D., and Hop�eld, J. J. (1994) Decomposition of a mixture of signalsin a model
of the olfactory- bulb. Proceedings of the National Academy of Sciences of the United States of
America 91 (13): 5942{5946.

Hinton, G. E., Dayan, P., Frey, B. J., and Neal, R. M. (1995) The wake-sleepalgorithm for
unsupervisedneural networks. Science 268 (5214): 1158{1161.

Jutten, C., and Herault, J. (1991) Blind separationof sources.1. an adaptive algorithm basedon
neuromimetic architecture. Signal Processing 24 (1): 1{10.

Knuth, D. E. (1968) The art of computer programming. Volume 1: fundamental algorithms.
Reading, Mass.: Addison Wesley.

MacKay, D. J. C. (1992) Bayesian interpolation. Neural Computation 4 (3): 415{447.

MacKay, D. J. C. (1995) Bayesian neural networks and density networks. Nuclear Instruments
and Methods in Physics Research, Section A 354 (1): 73{80.

MacKay, D. J. C. (1996) Density networks and their application to protein modelling. In Maximum
Entropy and Bayesian Methods, Cambridge 1994, ed. by J. Skilling and S. Sibisi, pp. 259{268,
Dordrecht. Kluwer.

MacKay, D. J. C., and Peto, L. (1995) A hierarchical Dirichlet languagemodel. Natural Language
Engineering 1 (3): 1{19.

Pearlmutter, B. A., and Parra, L. C., (1996) A context-sensitive generalizationof ica. To appear in
ICONIP. Also available at http://www.cnl.salk.edu/ ~bap/papers/iconip-96-cic a.p s.gz .

Rabiner, L. R., and Juang, B. H. (1986) An introduction to hidden Markov models. IEEE ASSP
Magazine pp. 4{16.

15


