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Chapter 1

In tro duction

This course will examine some cen tral issues in Computer Science suc h as : What

sorts of problems can w e exp ect to solv e with a computer? Are there problems

whic h w e cannot solv e e�cien tly? Can w e �nd algorithms for all problems?

1.1 Example Problems

The course will also build on computational complexit y whic h w as co v ered

brie�y in A dv anced Progra mming. Some example problems whic h will b e tac k-

led are giv en in the next few sub-sections. Can y ou sp ot the problems whic h

are e�cien tly solv able? Are there problems whic h migh t not w ork in all cases?

1.1.1 The w eary studen t

After �nishing exams, the w eary studen t needs to go home to recup erate for

the next semester. Unfortunately he's not sure what the quic k est w a y to his

home to wn is. (Roads don't go directly from Grahamsto wn to ev ery other

to wn.) Giv en a description of the roads whic h connect di�eren t to wns (and

their lengths) as sho wn in �gure 1.1 can y ou �nd the shortest distance solution?

1.1.2 Cable-la ying

After deciding that the science facult y mak e to o man y geeky jok es the h uman-

ities facult y successfully p etitions Rho des univ ersit y to segrega te the scien tists

from the rest of campus. Eac h departmen t is set up in its o wn new building but

so on disco v ers that there is no in ternet access. An emergency of this magnitude

m ust b e dealt with immediately , but the sta� are undecided on the quic k est

w a y to solv e this problem. Giv en a single team of w ork ers what is the quic k est

w a y to connect all the buildings? The information will b e of the form sho wn in

�gure 1.2, but y ou'd b etter h urry , there migh t b e riots so on.

1.1.3 The T ra v eling Salesman

A salesman has just launc hed a new range of household cleaning pro ducts.

Named the Whizzo

TM

range they could p oten tially c hange household cleaning

as w e kno w it. T o promote this range the salesman has to go on a tour of all

5
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Figure 1.1: T ra v eling home from Grahamsto wn. With p etrol so exp ensiv e it's

imp ortan t to �nd the shortest distance!
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Figure 1.2: Ho w b est to connect the new departmen ts to campus? This �g-

ure sho ws the time it w ould tak e to la y a cable connecting t w o departmen ts.

(If Departmen t A is connected to campus and w e connect Departmen t B to

Departmen t A then it is also considered connected to campus.)
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Figure 1.3: Giv en man y emplo y ees, eac h with di�eren t abilities, and a set of

tasks �nd the b est w a y to assign the emplo y ees to these tasks.

the ma jor cities. Ideally he'd lik e the tour to b e as short as p ossible and include

ev ery cit y , without visiting it t wice. Giv en a road map sho wing whic h cities are

connected b y roads and the lengths of the roads, can y ou �nd this ideal path?

(Ob viously in some cases there w on't b e a solution since the roads migh t force

him to visit the same cit y t wice.)

1.1.4 The New Manager

Congratulatio ns ! Y ou'v e just b een hired as a manager for an ailing compan y .

After some in v estigation y ou realise that man y emplo y ees are p erforming tasks

whic h they are not suited to. Y ou decide that the b est w a y to turn things

around and mak e the compan y pro�table again is to reassig n emplo y ees to tasks

whic h b etter suit them. Giv en a description (see �gure 1.3) of the tasks the

emplo y ees can p erform and the tasks needed to b e completed, can y ou �nd the

b est assignmen t of tasks to emplo y ees?

1.1.5 Program Analysis

MicroNa� has sev eral buggy progra ms bundled together in an o�ce suite. Most

of the bugs result in in�nite lo ops and their customers are getting rather upset

with them. They decide that rather than �nd the bugs, they'll instead write a

progra m whic h will analyse their o�ce suite and decide whether the progra m

will terminate for all p ossible input. If their new progra m giv es the ok for their

o�ce suite then MicroNa� can rest assured that the customers are ob viously

imagining the bugs. Can y ou write a progra m whic h will test other progra ms

for in�nite lo ops?

1.2 Conclusion

It isn't en tirely ob vious as to whic h of the ab o v e problems can b e e�cien tly

solv ed. In fact some problems in the list ab o v e can b e pro v en not to w ork for

certain input. Can y ou sp ot whic h? Since the limits of computation aren't

en tirely ob vious this course will �rst consider simpler computation systems and

their limitations in the next few c hapters. Using these simpler systems mak es it
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p ossible to �nd their limits of computation m uc h more easily . These limitations

then suggest what c hanges should b e made to turn them in to more p o w erful

systems, and slo wly build up to the conceptual equiv alen t of mo dern computers.



Chapter 2

Finite State Automata

In this c hapter w e consider the simplest form of computation - the Finite-State

Automaton (FSA). This mac hine has the abilit y to distinguish b et w een v alid and

in v alid strings. The set of v alid strings for an FSA is kno wn as its language.

W e'll lo ok at another w a y of deriving an FSA's language using a grammar .

Finite State Automata's are useful for lexical analysis (whic h is co v ered in the

compiler's course) as w ell as string matc hing.

After de�ning all the comp onen ts of an FSA, sev eral examples will b e sho wn

to mak e the concepts more concrete. An extension of �nite-state automata is

also considered, giving rise to non-deterministic automata. W e will also consider

what languages FSA's cannot recognise whic h will suggest ho w to turn them

in to more p o w erful mac hines.

2.1 De�nition

A Finite State Automaton is a mac hine suited to string recognition. As it reads a

string the FSA c hanges its in ternal state based on the string's c haracters . Some

of these states are accept states so that if the string ends while the mac hine is

in an accept state then the whole string is accepted. An informal represen tation

of an FSA is sho wn in �gure 2.1, and the basic pro cessing is sho wn in �gure 2.2.

A �nite-state automaton consists of sev eral en tities whic h need to b e de�ned

�rst(from [Bro oks hea r , 1989 ]):

1. Alphab et The alphab et of an FSA is the set of all c haracters from whic h

the strings to b e recognised are constructed.

2. States An FSA consists of a set of states. These represen t in termediate

or �nal steps in the calculation of whether the string is acceptable or not.

3. T ransition F unction The transition function (usually denoted � ) is the

heart of the FSA. It is a mapping from states and c haracters to the next

state. This function therefore determines the b eha viour of the FSA. If a

mac hine encoun ters sym b ol a while in state 12 then it will mo v e to the

new state determined b y � (12; a) .

4. Start state This is the initial state in whic h the automata starts.

9
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Figure 2.1: A conceptual mo del of an FSA.
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Figure 2.2: As the input string is pro cessed the in ternal state of the mac hine

c hanges.
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Figure 2.3: If a p ossible transition is not sho wn then it is assumed to lead to an

implicit error state. This mak es the ab o v e t w o FSA's equiv alen t.

5. A ccept States A subset of the FSA's states. If the mac hine �nishes the

string and is curren tly in an accept state then the en tire string is accepted,

otherwise the en tire string is rejected.

These �v e items are the only things allo w ed as part of an FSA and together

de�ne it completely . Since it is quite hard to visualise the transition function

w e normally depict FSA's b y graphical means, using circles to denote states

and arcs b et w een these circles represen t the transitions giv en b y the transition

function. A single arro w p oin ts out the start state. Double circles are used to

indicate the accepting states.

While a function m ust b e de�ned for all p ossible inputs this can result in a

cluttered graph. As a result w e will only sho w transitions whic h lea v e the FSA

in a state from whic h it migh t still accept the string. Implicit in our diagrams

will b e an error state. An y unde�ned c haracters for eac h state will transition to

this error state. The error state will not b e an accept state and it is not p ossible

to lea v e this error state. By adopting these con v en tions our diagrams are far

easier to read, see �gure 2.3 for a compariso n.

2.1.1 Example FSA's

A V ending mac hine

In �gure 2.4 w e see a simple co ol drink v ending mac hine. It accepts 50c, R1,

and R2 coins. When exactly R2,50 is reac hed the mac hine mo v es to an accept

state and disp enses the co ol drink. Sp end a few min utes getting used to this

FSA. What is the alphab et of this mac hine? What c hanges w ould w e need to

mak e if w e allo w ed 5c coins? Ho w ab out if the price of a can w as raised to (a

more realistic) R4,50?

Recognisi ng n um b ers

In �gure 2.5 w e ha v e an FSA whic h is able to recognise some of the v alid float 's

for the Ja v a progra mming language. In this case the alphab et consists of the

set f 0; 1; 2; 3; 4; 5; 6; 7; 8; 9; :; f g. T o mak e the diagram more readable w e use the

shorthand digit to represen t a n umeric c haracter. Can y ou create an FSA whic h

recognises all v alid long 's ? Ho w ab out doubl e 's ?
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Figure 2.4: A simple v ending mac hine FSA.
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Figure 2.5: An FSA whic h recognises v alid �oating p oin t n um b ers.
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Start one two three four five Finish
a a a a a b

b

b

b

b

a

Figure 2.6: An FSA whic h recognises the string `aaaaa b'.

2.2 E�cien t String Recognition

In this section w e'll consider a p o w erful application of these automata. If, giv en

a string to searc h for in a long text most computer progra mmer s will come up

with a solution similar to:

publi c stati c int find( S t r i n g f, Strin g longS t r i n g ) {

for (int a=0; a<lon g S t r i n g . l e n g t h ( ) ; a++)

{

for (int b=0; b<f.l e n g t h ( ) ; b++)

{

if (a+b >= longS t r i n g . l e n g t h ( ) )

retur n -1;

if (long S t r i n g . c h a r A t ( a + b ) != f.cha r A t ( b ) )

break ;

if (b+1 == f.len g t h ( ) )

retur n a;

}

}

retur n -1;

}

If w e analyse the complexit y of this algorithm w e see that it is a function of

the length of the searc h string ( m ) and the length of the text in whic h to searc h

( n ). The w orst case complexit y for this co de o ccurs when searc hing for strings

with lots of rep eated c haracters . T race through the co de with f="aa a a a b " a nd

longS t r i n g = "aaaa a a a a a a a a a a a a a a a a a a a a b " . Hop efully this will con vince

y ou that the w orst-cas e order of this algorithm is O(nm) .

F ortunately there is an algorithm [Kn uth et al., 1977 ] whic h has O(n + m) .

It relies on creating a �nite state automata whic h can recognise the string in

a fast manner. See �gure 2.6 whic h reac hes the accept state if and only if the

string "aaa a a b" has just b een read. Using this FSA mak es string recognition

v ery easy . W e simply feed in the string, a c haracter at a time to the FSA, if

it ev er reac hes the accept state then w e kno w w e ha v e just �nished reading the

searc h string and can stop. This pro cedure is clearly linear in the length of the

text to searc h (i.e. O(n) ).

Ho w ev er this metho d is useless if there isn't an e�cien t means of constructing

the FSA. T o construct the FSA w e w ork exclusiv ely with the searc h string. T o
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represen t the FSA w e note that there are only transitions one step forw ard (if

the string matc hes) or a single jump bac kw ards (if the string do esn't matc h).

W e use an arra y to store the indices of these jumps bac kw ards.

When determining ho w far bac k to jump the crucial insigh t is to see that

one m ust jump to the previous state whic h could start the searc h string. As an

example consider the searc h string ` ababc d '. In this case if ` abab ' has already

b een matc hed and the next letter is an ` a ' then there is a failure (since w e didn't

read a ` c ') but w e could ha v e already started reading ` aba ' of the string w e're

lo oking for. T o c hec k this w e jump bac k to the matc hed state ` ab ' and try to

con tin ue matc hing.

Giv en a matc hed string of length n , the problem is reduced do wn to �nding

the smallest initial string whic h can b e thro wn a w a y while still lea ving a string

that forms an initial part of the searc h string. F ortunately kno wing ho w m uc h

of the string to thro w a w a y for the matc hed string of length (n � 1) mak es the

task considerably easier. If the curren t c haracter matc hes the next c haracter

then the p osition to jump bac k is increased b y one, otherwise the jump is bac k

to the b eginning of the string. In most cases there is no suc h initial string and

the matc hing pro cess m ust start from the b eginning again.

2.3 Non-deterministic FSA's

Let's try mak e our FSA more p o w erful. T o do this w e will in tro duce the concept

of non-determinism. This means our Finite State Automaton can ha v e sever al

tr ansitions for the same char acter in the same state . W e assume that our FSA

can either `magically' pic k the correct decision, or it has the abilit y to explore

all p ossible options in parallel.

Ho w w ould a non-deterministic automaton (NF A) accept strings? Since w e

don't ha v e the abilit y to `magically' pic k the correct transition let us deal with

p erforming the op erations in parallel. The NF A w ould need to main tain a set

of all p ossible states that it could b e in. If one of those states encoun ters

the implicit error state then it ceases to b e a p ossible state and the mac hine

can discard that p ossibilit y . If when the string terminates at least one of the

p ossible states is an accept state then the en tire string is accepted, otherwise it

is rejected.

As an example of an NF A consider �gure 2.7, this NF A will recognise only

in tegers, longs, �oats and doubles whic h are v alid in Ja v a. The �rst transition

in the NF A is not deterministic since there are sev eral transitions whic h exp ect

a n um b er (and t w o whic h exp ect `.'). This means our NF A will start b y either

magically guessing the correct t yp e of the string or running all the p ossibilities

in parallel.

If the NFSA in �gure 2.7 w as to pro cess the string ` 1.3f '. The sequence

w ould b e as follo ws:

1. After the ` 1 ' is encoun tered then the p ossible states w ould b e f f 1; d1; l1; i1g.

2. Encoun tering a ` . ' reduces the set of p ossible states to f f 3; d3g.

3. The ` 3 ' lea v es the set of p ossible states unc hanged.

4. ` f ' lea v es but a single state left f f 4g. Since this is the end of the string

and f 4 is an accept state the en tire string is accepted.
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Figure 2.7: A non-deterministic FSA whic h can recognise all doubles, longs, in ts,

and �oats. Notice ho w simple deterministic FSA's ha v e b een added together to

create this NFSA.



16 CHAPTER 2. FINITE ST A TE A UTOMA T A

S 1

2 3

4

S'

{1,4}

{2} {3}

Digit

'.'

'.'

Digit

Digit

Digit

'.'

'.'

Digit

Digit

Digit

Digit

Digit

Digit

Figure 2.8: Con v erting a nondeterministic automata in to a deterministic one.

Since the start state has t w o transitions for a digit (states 1 and 4), w e create

a new state whic h represen ts ha ving states 1 and 4 as b oth p ossibly enabled.

As state 4 is an accept state then the new state is also an accept state. If in

this new state w e encoun ter a digit then state 1 transitions to itself and state 4

transitions to itself as w ell. This means in the state f 1; 4g a digit also transitions

to itself. Ho w ev er if a `.' is encoun tered then state 4 mo v es to the error state

and state 1 mo v es to state 2. Th us if state f 1; 4g encoun ters a `.' it mo v es in to

state f 2g. The rest of the transitions are similarly obtained.
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Unfortunately it can b e sho wn that for ev ery NF A there is an FSA whic h

is able to recognise the same language! This is a fairly unexp ected result since

it seems that w e are endo wing our mac hine with a p o w erful abilit y , y et there

is no additional p o w er. The k ey insigh t is to realise that while the NF A is

main taining a set of p ossible states, it is itself in a state. Since the n um b er of

states is �nite then the n um b er of p ossible subsets (or p o w er-set) is also �nite.

W e can represen t the di�eren t subsets as di�eren t states, and the resulting

automata is deterministic. This pro cess is sho wn in �gure 2.8.

2.4 Links to a Grammar

It is in teresting to examine the set of all strings accepted b y a Finite-State au-

tomaton. Let's de�ne this set to b e the Language of the FSA. It turns out

that this set can b e constructed in a manner en tirely di�eren t to an automaton.

This brings us to the idea of a regular grammar . Hop efully in high sc ho ol some

grammar rules w ere taugh t to y ou. These generally to ok the form of:

<Sent e n c e > 7! <Noun > <Pred i c a t e >

<Noun > 7! <Arti c l e > <Adje c t i v e > <Comm o n Noun>

<Noun > 7! <Prop e r Noun>

<Pred i c a t e > 7! <Verb > <Noun >

<Arti c l e > 7! a

<Arti c l e > 7! the

<Adje c t i v e > 7! hard- w o r k i n g

<Adje c t i v e > 7! nasty

<Comm o n Noun> 7! prac

<Comm o n Noun> 7! stude n t

<Prop e r Noun> 7! phili p

<Verb > 7! solve s

<Verb > 7! helps

This grammar allo ws us to deriv e v ery informativ e strings suc h as " phil i p

helps the hard- w o r k i n g stude n t " and " a hard- w o r k i n g stude n t solve s

the nasty prac " . In the ab o v e grammar w e can see that there are sym b ols

suc h as " <Nou n > " whic h nev er app ear in the �nal string. W e will call these

sym b ols non-termi nal s and the sym b ols whic h do app ear in the �nal string as

terminals .

As it turns out there is a simple grammar whic h will generate all p ossible

strings accepted b y an FSA. The grammar has a v ery restricted form. The rules

m ust b e of one of t w o forms:

<Non- t e r m i n a l > 7! Termi n a l <Non- t e r m i n a l >

<Non- t e r m i n a l > 7! Termi n a l

As an example let's consider creating the grammar for the FSA w e considered

in �gure 2.5 whic h could recognise �oating p oin t n um b ers:
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<Star t > 7! digit <Whol e >

<Star t > 7! `.' <Dot>

<Whol e > 7! digit <Whol e >

<Whol e > 7! `f'

<Whol e > 7! `.' <Frac >

<Dot> 7! digit <Frac >

<Frac > 7! digit <Frac >

<Frac > 7! `f'

Where digit represen ts the c haracters `0'-`9'. It should b e eviden t from

studying �gure 2.5 that there is a nice one-to-one mapping whic h turns our

FSA in to this grammar . T o p erform the con v ersion w e turn our states in to the

non-terminals and for ev ery transition of the form � (State; c) = State0
w e add

a rule to our grammar of the form <Stat e > 7! c <Stat e ' > . If the state is an

accept state then w e add the rule con taining a single terminal: <Stat e > 7! c .

2.4.1 Recognising strings or p erforming computations?

The approac h w e ha v e tak en migh t feel unnatural to some. W e started out with

the in ten tion of exploring the limits of computabilit y and ha v e no w w andered

in to de�ning our o wn grammar . Surely there are limits inheren t in a grammar

whic h are not inheren t in general computabilit y . Do esn't this mean w e should

rather forget ab out b oring grammar s and rather consider the limits of the latest

and greatest Whizzomatic

TM

computer whic h has just b een released?

It turns out that an unrestricted grammar can b e far more p o w erful than

most p eople realise and can p erform an y computation that the latest computer

can. In fact since the grammar do es not ha v e an y space limitations it is more

p o w erful since it will nev er run out of memory .

As an informal argumen t consider that under certain circumstances r e c o g-

nising that a string matc hes certain requiremen ts is the same as p erforming a

calculation. If w e found a grammar whic h w ould recognise strings of the form:

`12+13 = 2 5 ', and `237+1 = 2 3 8 ', then in e�ect w e can sa y that the grammar is

able to p erform addition.

2.5 Limitations of FSA's

Suc h a simple mac hine cannot hop e to do ev erything, and w e run in to the FSA's

main limitation if w e try to design one whic h can recognise pairs of matc hing

brac k ets. F or m y latest computer language I w an t to read in expressions suc h

as " (((( ) ( ) ) ) ( ) ) " and determine whether or not the brac k ets are prop erly

balanced. This means that the en tire string should con tain an equal n um b er

of left and righ t brac k ets and no pre�x of the string should con tain more righ t

brac k ets than left brac k ets. This suggests an arc hitecture as sho wn in �gure

2.9. Eac h time w e encoun ter an op ening brac k et w e increase the state b y one

and ev ery time w e encoun ter a closing brac k et w e decrease the state b y one.

Ho w ev er to matc h all p ossible strings with only a �nite n um b er of states is
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Figure 2.9: An attempt at writing an FSA whic h can recognise strings with

balanced brac k ets.

S

1

2

'('
')'

'['

']'

3

4

'('

')'

'['

']'

5

6

'('

')'

'['

']'

7

8
'('

')'

'['

']'
...

...

9

10
'('

')'

'['

']'
...

...

11

12

'('

')'

'['

']'

13

14
'('

')'

'['

']'
...

...

15

16
'('

')'

'['

']'
...

...

17

18

'('

')'

'['

']'

19

20

'('

')'

'['

']'

21

22
'('

')'

'['

']'
...

...

23

24
'('

')'

'['

']'
...

...

25

26

'('

')'

'['

']'

27

28
'('

')'

'['

']'
...

...

29

30
'('

')'

'['

']'
...

...

Figure 2.10: Things go badly wrong when trying to matc h di�eren t brac k ets!

imp ossible. F or an y FSA designed it is p ossible to create a string whic h is

incorrectly handled. If the FSA has 1,000,0 0 0 states and then discards an y

strings whic h exceed this limit then the string with 1,000,0 0 1 op ening brac k ets

follo w ed b y 1,000 ,0 0 1 closing brac k ets is incorrectly rejected.

The problem gets ev en w orse if w e wish to matc h pairs of di�eren t brac k ets.

Consider trying to matc h the follo wing string "[([[]])()[()]]", this problem w ould

suggest a solution of the form giv en in �gure 2.10. It should b e clear that w e

cannot use a �nite n um b er of states to matc h arbitrar y strings of these forms.

Ideally w e should ha v e some form of memory whic h w e can use to remem b er

whic h brac k ets w e'v e seen. This leads us in to the next c hapter on Pushdo wn

Automata's.

Exercise 2.1

What is the purp ose of the Dot state in �gure 2.5 (on page 12)? What illegal

string(s) w ould b e accepted without it?

Exercise 2.2

Extend the �oat-reco g nis ing FSA so that it also accepts �oats of the form :

" 3e7f " , " 3.14 1 5 e - 1 f " and " .3e0 1 f " .
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Exercise 2.3

Compare the e�ciency of the Kn uth-Morris- Pr a tt string matc hing algorithm

with the naiv e metho d. Ho w do the metho ds compare for normal English text?

Ho w m uc h of a di�erence is there on degenerate text where there is lots of

rep eated c haracters ?

Exercise 2.4

It is alw a ys go o d practise to ensure that illegal strings are correctly rejected.

Sim ulate the NF A from �gure 2.7 and sho w that the string ` 1.2L ' has no p ossible

states, whic h means the string is rejected.

Exercise 2.5

T urn the NF A in 2.7 in to a deterministic FSA. Y ou ma y try the p o w er-set

metho d but it ma y b e easier to try and solv e the problem directly . Ho w man y

states do es y our solution ha v e? Construct a regular grammar whic h creates the

set of all strings accepted b y y our automata.



Chapter 3

Pushdo wn Automata

In this c hapter w e create a Pushdo wn Automaton b y augmen ting a �nite-state

automaton with a stac k whic h allo ws it to remem b er an arbitrar y amoun t of

information regar ding the previously seen sym b ols. This allo ws us to o v ercome

the limitations of an FSA's �niteness, and recognise more languages . W e will

also sho w that a Pushdo wn Automaton (PD A) is equiv alen t to a con text-free

grammar .

Most computer languages are designed to b e parsed b y a Pushdo wn Automa-

ton as this simpli�es writing the compiler. Of course a mac hine as simple as a

Pushdo wn Automaton m ust ha v e it's limitations. W e highligh t these limitations

and again seek a more p o w erful mac hine in the next c hapter.

3.1 De�nition

Conceptually a pushdo wn automaton can b e view ed as a �nite-state automaton

augmen ted with a stac k. This is sho wn in �gure 3.1. F or a more formal de�nition

a pushdo wn automaton consists of six things:

1. Input Alphab et The set of all c haracters whic h can app ear on the input

tap e.

( a + b ) * c ...

ab

c

d e

f

Machine Head

Input Tape

State Indicator

Head only moves  
in this direction

#

(

E

Figure 3.1: A conceptual mo del of a PD A.
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2. Stac k Sym b ols Another set of c haracters (distinct from the input alpha-

b et). This extra set of c haracters can b e pushed on to the stac k to help

the automaton remem b er in termediate calculations.

3. States Exactly the same as an FSA, a pushdo wn automaton m ust consist

of a �nite n um b er of states.

4. T ransition F unction The transition function is no w a function whic h

considers the curren t state, the input c haracter just read, and the c haracter

on the top of the stac k. It then outputs a new state whic h the PD A will

transition to. It also decides whether to p op a sym b ol o� the stac k and/or

push an y n um b er of sym b ols on to the stac k.

5. Start State A single state m ust b e iden ti�ed as the state from whic h to

start.

6. A ccept States A subset of states whic h, if the end of the string is reac hed

and the stac k is empt y , then the en tire string is accepted.

In con trast with FSA's, pushdo wn automata ha v e increased p o w er when they

are made non-deterministic. As a simple example consider a PD A whic h detects

palindromes (�gure 3.3(b)). A t the b eginning of the string c haracters are pushed

on to the stac k. F or the last half of the string, c haracters are p opp ed o� the stac k

and compared. If they all matc h then the string is accepted as a palindrome.

Unfortunately it is imp ossible to tell deterministically when the middle of the

string has b een reac hed. T o solv e this problem w e assume that the PD A is able

to non-deterministically c ho ose when to start p opping the c haracters o�.

The languages generated b y deterministic PD A's are also in teresting, and

lead naturally to computer progra mming language design since the languages

are su�cien tly complex to express one's though ts, y et still reasona bly simple to

recognise

1

. T o co v er them adequately w ould require an en tire course b y itself,

and is b ey ond the scop e of these notes. The in terested reader is advised to

consult [Aho et al., 1986 ] or [T erry , 2004 ].

3.1.1 Examples of PD A's

Before w e co v er the examples w e will �rst explain the notation used when de-

scribing a transition. Ev ery arc will b e annotated with a string con taining three

comp onen ts of the form: ` Read; P op=P ush'. The �rst represen ts the single

c haracter that will b e read, the second represen ts the single sym b ol that will

b e p opp ed o� the stac k. The �nal comp onen t will consist of any numb er of

sym b ols whic h can b e pushed on to the stac k. In all these cases if a ` � ' is sho wn

then that action is not p erformed for that transition.

Recognisi ng Matc hing Brac k ets

In �gure 3.3(a), is a pushdo wn automaton capable of matc hing di�eren t brac k-

ets. Ev ery time w e encoun ter an op ening brac k et w e push it on to the stac k.

If a closing brac k et is encoun tered, the top sym b ol is p opp ed o� the stac k and

compared, if the brac k ets are not of the same t yp e, then the PD A go es in to the

1

It is p ossible to parse languages from non-deter ministic PD A's, but the complexit y of

parsing c hanges from O(n) to O(n3 ) . This is done using the CYK algorithm [Cohen, 1997 ].
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( a + b ) * c ...
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f
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( a + b ) * c ...

ab
c

d e
f

#
E

Figure 3.2: As the input string is pro cessed sub expressions are pushed on to the

stac k and p opp ed o� as c haracters are read.

implicit error state, otherwise the recognition pro cess con tin ues. Notice that in

this example it is not necessary to use non-determinism.

P alindrome s

Another task whic h FSA's cannot p erform is palindrome recognition (3.3(b)).

A palindrome is a string whic h reads the same when rev ersed as it do es nor-

mally . Simple examples include ` mom ', ` hanna h '. Can y ou tell wh y there are t w o

transitions from the `pushing' state to the `p opping' state?

Soap-Op era recogniser

Figure 3.3(c) sho ws a pushdo wn-automaton whic h is capable of recognising

soap-op er a plots of the follo wing form: ` L e e's father's c ousin 's sister kidnapp e d

Cher el's mother's c ousin. ', ` Glen 's mother's sister's c ousin 's father loves Mag-

gie's br other. '. T o start the PD A w e push sev eral sym b ols on to the stac k.

These sym b ols determine whic h transitions are applicable in the pro cessing

state. Some of the transitions push other sym b ols on to the stac k, others simply

p op the sym b ols o�. The last sym b ol on the stac k is the full stop whic h marks

the end of the sen tence. P opping this sym b ol o� leads to the accept state. W e

use sev eral shorthands:

act = f f ramed; kidnapped; blackmailed; drugged; loves; killedg:

nam = f Barker; Lee; Maggie; Glen; Steve; Agnes; Nandipha; V usig:

rel = f father; mother; sister; brother; cousin g:

Recognisi ng arithmetic expressions

Since PD A's are capable of matc hing brac k ets they can also recognise arithmetic

expressions. Figure 3.3(d) sho ws a PD A capable of recognising expressions suc h
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[,l  / [(,l  / (

],[ / l ),( / l

(a) Matc hing brac k et s.

char,l /l

l ,l /l

char,l /char char,char/l

(b) Recognising palindromes.

l ,l  / PAP. .,. / l

act,A / l

nam,P / l

nam,P / 's R

's,'s / lrel,R / l

rel,R / 's R

(c) Recognising soap-op era plots.

l ,l  / E

l ,E / (E)

l ,E / E+El ,E / E*E

(,( / l

),) / l

a,a / l b,b / l

+,+ / l

*,* / l

(d) Recognising arithmetic expressions.

Figure 3.3: Sev eral example Pushdo wn Automata.
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as: ` a+a ', ` b*(a+a+a) ' and ` (b+b)*(a+a) '. Similar to the Soap op era PD A w e

use the tric k of pushing a sym b ol on to the stac k to determine whic h transitions

are applicable. When sev eral transitions are applicable then w e rely v ery hea vily

on the non-determinism of the mac hine to c ho ose the correct transition

2

.

3.2 Con text-F ree Grammar

A con text-free grammar is less restricted than a regular grammar , the only

restriction is that all the rules are only allo w ed a single non terminal on the

left-hand side. The righ t-hand side can no w con tain an y n um b er of terminals,

and non terminals. By only allo wing a single non terminal on the left-hand side

of the rules, w e are able to expand a non terminal without ha ving to consider

an y sym b ols next to it (i.e. w e don't consider the con text of the non terminal).

In the example b elo w w e consider a con text-free grammar for the simple

algebraic expressions considered in the previous section:

<Star t > 7! <Expr e s s i o n >

<Expr e s s i o n > 7! ( <Expr e s s i o n > )

<Expr e s s i o n > 7! <Expr e s s i o n > + <Expr e s s i o n >

<Expr e s s i o n > 7! <Expr e s s i o n > * <Expr e s s i o n >

<Expr e s s i o n > 7! a

<Expr e s s i o n > 7! b

W e mak e the claim that an y con text-free grammar can b e recognised b y

a non-deterministic PD A. T o bac k this claim up, consider the PD A for this

grammar . In the b eginning an E is pushed on to the stac k. This is directly

equiv alen t to the start rule and determines whic h transitions are applicable. In

general the stac k con tains non terminals (Stac k Sym b ols) and terminals (Input

Alphab et) whic h ha v e y et to b e pro cessed.

1. F or ev ery rule whic h maps a non-terminal to some other com bination of

sym b ols w e ha v e a transition whic h do esn't read an y c haracters , p ops o�

the applicable non-terminal and pushes the com bination of other sym b ols.

2. If there is a terminal sym b ol on top of the stac k then it is p opp ed o�;

pro vided it matc hes the sym b ol on the input tap e.

If there are sev eral p ossibilities w e use the non-determinism to c ho ose the correct

option.

In this manner the pushdo wn automaton will slo wly w ork through the input

string, using only rules from the grammar . If the end of the input is reac hed

and there are no sym b ols on the stac k then the string is accepted. Ho w ev er this

corresp o nds to a correct deriv ation from the grammar .

A similar argumen t sho ws that the language of an y pushdo wn automaton

can b e represen ted b y a grammar . It is more tec hnical in nature ho w ev er and

will not b e co v ered in this course. The in terested reader is advised to consult

[Bro oks hea r , 1989 ] for more details.

2

It is p ossible to parse expressions of this form without using non-deter minism, but that

is left for a course in compilers, here w e just w an t to sho w that it is p ossible for pushdo wn

automata to recognise these expressions whic h FSA's w eren't able to.
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3.3 Limitations of PD A's

Since the p ossible languages of pushdo wn automata is the same as the p ossible

languages of con text-free grammar s , w e can �nd their limitations b y lo oking

for languages whic h do dep end on the con text. The language consisting of the

strings: f abc; aabbcc; aaabbbccc; : : : ; an bn cn g is con text-sensitiv e since w e can

only add another ab to our string if w e add a c sev eral c haracters a w a y . This

means a pushdo wn automaton cannot recognise this language.

In the next c hapter w e examine simple computational systems whic h are

able to recognise this language. This is ac hiev ed b y mo difying the mac hine so

that it is able to write on the tap e, whic h negates the need for a stac k.

Exercise 3.1

Extend the P alindrome pushdo wn automaton so that it is able to discard punc-

tuation suc h as spaces, colons and ap ostrophes. This should mak e y our new

PD A able to recognise m uc h longer palindromes suc h as: ` a man, a plan, a

canal : p a n a m a ! '

Exercise 3.2

Con v ert the PD A whic h recognises soap-op er a s in to a con text-free grammar

whic h can generate all the soap-op er a plots. Implemen t this grammar in y our

fa v orite progra mming language and randomly generate a few sen tences. Ho w

man y ha v e actually happ ened on a soap-op er a ? (Consult someone `kno wledge-

able' if y ou don't w atc h soap-op er a s .)

Exercise 3.3

A ctually the soap-op er a recogniser is ev en simpler than a pushdo wn automaton,

it is p ossible to recognise soap-op er a s with only a �nite-state automaton.

� Simplify y our con text-free grammar from the ab o v e exercise in to a regular

grammar .

� No w con v ert y our simpli�ed grammar in to an FSA.

Exercise 3.4

Con v ert the non-deterministic PD A whic h recognises simple arithmetic expres-

sions in to a deterministic PD A. (This means that at no p oin t should more than

one transition b e applicable.)

Exercise 3.5

W rite a con text-free grammar whic h generates al l strings with t wice as man y

` a 's as b 's.
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Exercise 3.6

A grammar is said to b e am biguous if there are t w o w a ys of deriving the same

string. In the am biguous grammar b elo w the follo wing string has t w o p ossible

deriv ations: ` if a then if b then c else d '. Find b oth deriv ations. What

implications do es this ha v e for most computer languages ?

<Stat e m e n t > 7! if <Stat e m e n t > then <Stat e m e n t > else <Stat e m e n t >

<Stat e m e n t > 7! if <Stat e m e n t > then <Stat e m e n t >

<Stat e m e n t > 7! a

<Stat e m e n t > 7! b

<Stat e m e n t > 7! c

<Stat e m e n t > 7! d
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Chapter 4

T uring Mac hines

This c hapter de�nes the T uring mac hine as designed b y Alan T uring in 1936 . It

is a simple mac hine, y et a surprising amoun t can b e done with it. W e explore

the equiv alen t grammar (kno wn as a Phrase-Structure grammar ). A simple

progra mming language is also considered, whic h turns out to b e surprisingly

p o w erful as w ell. These results lead us to state the Ch urc h-T uring thesis.

4.1 De�nition

A T uring Mac hine w as initially prop osed as a mo del of h uman computation b y

Alan T uring. In the original mo del T uring en visaged [Bro oks hea r , 1989 ]:

". . . that the h uman could only concen trate on a restricted p or-

tion of the pap er at an y time and, in turn, the collection of marks

found on this p ortion of pap er could b e considered collectiv ely as a

single sym b ol. . . T uring argued that when considering a particular

section of the pap er, the h uman mind could either alter that section

or c ho ose to mo v e to another section. Whic h action w ould b e tak en

and the details of that action w ould dep end on the sym b ol curren tly

in that section and the h uman's state of mind. As with the n um b er

of sym b ols, T uring reasoned that the h uman mind w as capable of

only a �nite n um b er of distinguishable states of mind. . . T o k eep the

a v ailabilit y of pap er from restricting the p o w er of the mo del, T uring

prop osed that the amoun t of pap er a v ailable for the computation b e

unlimited.

Using this mo del as a sk eleton for designing our automaton w e arriv e at the

mo del depicted in �gure 4.1, it consists of :

1. Input tap e W e imagine the input tap e as unlimited in either direction.

A t an y step the automaton can c ho ose to mo v e one step left, mo v e one

step righ t, or sta y where it is. A t the b eginning of the computation the

input tap e is mark ed with an y necessary input, and blanks are assumed

in un used cells (depicted throughout these notes b y `#').

2. Input alphab et A set of sym b ols from whic h the input will b e con-

structed.

29
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# 1 0 1 # # ......

ab

c

d e

f

Machine Head    
Reads and Writes

Input Tape

State Indicator

Head moves in   
either direction

Figure 4.1: The conceptual mo del of a T uring mac hine.

3. T ap e sym b ol s An extra set of sym b ols whic h the mac hine can use to

help pro cess the data. This helps separate inputs or mark a p osition to

return to later.

4. Initial State The state the T uring mac hine is initially started in.

5. Halt states T ypically w e de�ne t w o states whic h signal that the mac hine

has stopp ed pro cessing. The accept state indicates that the input has b een

accepted, while the reject state indicates that the input w as rejected. In

our diagrams w e will assume that the reject state is implicitly the error

state and therefore not sho wn.

6. T ransition function F or ev ery state and ev ery p ossible sym b ol read

there m ust b e a clear action to b e p erformed. This action consists of t w o

c hoices: write a new sym b ol dra wn from either the input alphab et or tap e

sym b ols and mo v e either left or righ t. T o concisely sp ecify the transitions

w e will adopt the notation giv en in �gure 4.2.

4.1.1 Misb eha ving T uring Mac hines

In the previous c hapters on FSA's and PD A's w e w ere guaran teed that for an y

�nite input, these mac hines w ould terminate. This w as b ecause at eac h step

the mac hine's head w ould alw a ys adv ance b y one step. Since T uring mac hines

can mo v e bac kw ards and forw ards it is easy to create mac hines whic h get stuc k

in an in�nite lo op. A simple example of suc h a mac hine w ould mo v e one step

righ t regar dles s of the sym b ol read. Since the input tap e is in�nite, this mac hine

nev er terminates.

If it can b e pro v ed that a T uring mac hine will alw a ys terminate then the

T uring mac hine is said to decide the language. If no pro of is found then a

T uring mac hine can only accept the language. (This do esn't mean there isn't

a pro of, it migh t just b e that the pro of hasn't b een found y et.)



4.1. DEFINITION 31
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3

x/y/L

a/b/R

(a) Reading an x in s1 will write a y ,

and the head mo v es left. Reading an a

will write a b , and mo v e righ t. Reading

an y other sym b ol will transition to the

error Halt state.

s
4

s
5

s
6

x/l /L

l /b/R

(b) Reading an x mo v es the head left

and it do esn't write an ything. All other

sym b ols get o v erwritt e n with a b , and

the head mo v es righ t.

s
7

s
8

s
9

L

a/b/R

(c) F or all c haract e r s other than an a

the mac hine will not write an ything,

and mo v e one step left.

Figure 4.2: Notation for depicting transitions in a T uring Mac hine.
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0/#/R
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#/l/l

#/#/R

1/
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#/
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1/1/R 0/0/R

1/1/L
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1/1/R 0/0/R

Figure 4.3: The palindrome T uring mac hine.

# 1 0 1 0 1 # ......

# # 0 1 0 1 # ......

# # 0 1 0 # # ......

# # # 1 0 # # ......

# # # 1 # # # ......

Figure 4.4: Crossing out letters to decide the palindrome.
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Figure 4.5: The an bn cn
T uring mac hine.

4.1.2 Examples of T uring Mac hines

Detecting P alindrome s

The T uring mac hine in �gure 4.3 is capable of deterministic al ly deciding palin-

dromes. This is in con trast to the pushdo wn automaton whic h w as non-deterministic.

The mac hine starts with its head at the leftmost c haracter. It then crosses out

the c haracter and searc hes for the righ tmost c haracter. If these t w o c haracters

don't matc h (as determined b y the state of the mac hine) then the mac hine re-

jects the input. Otherwise the mac hine crosses out the letter and returns to the

new leftmost letter. If this pro cess is rep eated un til there are no more letters

left in the string then the string is accepted as a palindrome.

Deciding the language { an bn cn
}

Figure 4.5 sho ws a T uring mac hine whic h can recognise the language whic h a

PD A could not. This sho ws that the T uring mac hine has di�eren t capabilities

from a PD A (and since it is p ossible to sim ulate a PD A on a T uring Mac hine,

this means that a T uring Mac hine is strictly more p o w erful than a PD A). Some

of the steps the mac hine tak es are sho wn in �gure 4.6, notice ho w the letters are

crossed out with di�eren t sym b ols to aid us when detecting the new left-most

c haracter. Also note that after the mac hine has left S0 the only p ossible w a y for

it to get bac k is if there are no input sym b ols encoun tered in the whole string.

This signals that the pro cessing is complete.
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# a a b b c c # ......

# # a b b c c # ......

# # a * b c c # ......

# # a * b c # # ......

# # # * b c # # ......

# # # * * c # # ......

Figure 4.6: Crossing out letters to decide mem b ership of the set f an bn cn g.

X OR'ing t w o n um b ers

T uring mac hines are capable of X OR'ing t w o n um b ers in binary (see �gure 4.7).

T w o n um b ers in binary are placed on the mac hine's input. F or simplicit y b oth

n um b ers are assumed to ha v e equal length, and the �rst n um b er is rev ersed on

the tap e. The second is placed normally on the tap e, with an extra zero for

padding. The state of the mac hine's tap e is sho wn in �gure 4.8. As one can see

the mac hine crosses out the least signi�can t bits and places the result in place

of the left-hand n um b er. T o read o� the answ er the �nal output string m ust b e

rev ersed.

Multipli cation

Here w e describ e the p ossible design of a T uring mac hine whic h accepts strings

of the follo wing form: f ai bj ck ji � j = k and i; j; k > 0g. Once the input string

has b een receiv ed[Sipser, 1997 ]:

1. Scan the input from left to righ t to ensure that it is a mem b er of a� b� c�

and reject if it isn't.

2. Return the head to the left-hand side of the tap e.

3. Cross o� an a and scan to the righ t un til a b o ccurs. Sh uttle b et w een the

b's and c's crossing one of eac h un til all the b's are gone.

4. Restore the crossed o� b's and rep eat stage 3 if there is another a to cross

o�. If all a's are crossed o�, c hec k on whether all c's are also crossed o�.

If y es ac c ept , otherwise r eje ct .
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Figure 4.7: This T uring mac hine is capable of X OR'ing t w o n um b ers. The �rst

n um b er m ust b e rev ersed and there m ust b e a zero padding the t w o n um b ers.

010Å110         
®  010,0,110

®  100

# 0 1 0 0 1 1 0 # ......

# * 1 0 0 1 1 0 # ......

# * 1 0 0 1 1 # # ......

# 0 # 0 0 1 1 # # ......

# 0 # 0 0 1 # # # ......

# 0 0 * 0 1 # # # ......

# 0 0 * 0 # # # # ......

# 0 0 1 # # # # # ......

Figure 4.8: X OR'ing t w o n um b ers.
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4.1.3 Impro ving the T uring Mac hine?

Ho w should w e impro v e our T uring mac hine to arriv e at a more p o w erful com-

putational mo del? It is not at all ob vious that w e can. Should w e giv e the

mac hine sev eral input tap es and let it c ho ose whic h tap e to read from next?

It turns out it is p ossible to em ulate suc h a mac hine on a single-tap e T uring

mac hine[Martin, 2003 ].

If w e allo w the T uring mac hine to non-deterministically pic k its actions, w e

can still sim ulate this mac hine using a deterministic mac hine, whic h carefully

remem b ers whic h decisions it has made and slo wly w orks through all p ossible

alternativ es (it is easiest to sho w this using a three-tap e T uring mac hine whic h

in turn is equiv alen t to a single tap e T uring mac hine[Martin, 2003 ]).

Allo wing random access of the tap e (i.e. the T uring mac hine can no w jump

to an y lo cation it desires) also do es not impro v e its p o w er. If a T uring Mac hine

is giv en k registers storing lo cations to jump to, then it can b e sim ulated on

a k + 3 tap e T uring Mac hine[Kin b er and Smith, 2001 ]. Again this m ulti-tap e

mac hine can in turn b e sim ulated b y a single-tap e T uring mac hine.

Remem b er that these other p ossible T uring mac hines w ould in all lik eliho o d

b e m uc h more e�cien t, just as fancy computers no w ada ys with pip elining and

predictiv e branc hing are m uc h more e�cien t than old computers. Ho w ev er there

is nothing new that they can compute. These features then don't add to the

computational p o w er, whic h is what w e are lo oking for.

Instead let's compare other computational systems and hop efully dra w in-

spiration from them as to the next feature whic h will impro v e the p o w er of a

T uring mac hine.

4.2 Phrase-Structure languages

Phrase-structure grammar s (also kno wn as con text-sensitiv e) ha v e no restric-

tions on the form that their rules can tak e. An y n um b er of terminals and

non-terminals are allo w ed on b oth sides of the transition. This lac k of restric-

tions mak es them v ery p o w erful. In fact they are equiv alen t to T uring Ma-

c hines in their capabilities (the pro of is b ey ond the scop e of these notes, but see

[Bro oks hea r , 1989 ] for more details).

As an example the follo wing grammar recognises the language of the form

f an bn cn g. This is a grammar whic h a PD A is unable to recognise, y et a T uring

Mac hine can :

S 7! ab NS c

S 7! �
b N a 7! ab N
b N c 7! bc

b N b 7! bb N
As further pro of that recognising a language is equiv alen t to p erforming a

computation consider the grammar presen ted b elo w. It is capable of generating

strings suc h as: ` R1R � 0= 1 ', ` R0101 R � 0 0 1 1 = 1 0 0 1 '. The ` R 's surrounding the �rst

n um b er represen t that it has b een rev ersed (as it w as in our T uring mac hine).

In fact it is capable of generating all bitstrings whic h satisfy the XOR op eration.
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S 7! R M =

M 7! R �
M 7! 0 M 0 P0

M 7! 0 M 1 P1

M 7! 1 M 0 P1

M 7! 1 M 1 P0

P0 0 7! 0 P0

P0 1 7! 1 P0

P1 0 7! 0 P1

P1 1 7! 1 P1

P0 = 7! =0

P1 = 7! =1

4.3 The Imp o v erished Programming Language

In this section a v ery simple progra mming language is created. So simple that

there are only four t yp es of statemen ts: create a new v ariable, incremen t it,

decremen t it, and a while-lo op whic h tests for zero. The v ariables are also v ery

simple, and cannot represen t negativ e n um b ers

1

. Their syn tax is as follo ws:

int a - Decla r a t i o n

a++ - Incre m e n t

a--- Decre m e n t

while (a!=0 ) { - While - l o o p

//do somet h i n g

}

This is a v ery basic language, y et w e can cop y a few of our fa v orite constructs

from other progra mming languages . T o set the v alue of a v ariable to zero:

while (a!=0 ) {

a--

}

As a shorthand w e will refer to the ab o v e co de as clear , but remem b er, it

is not a pro cedure, just shorthand. T o cop y a v alue to another v ariable w e can

use the follo wing shorthand b<-a whic h represen ts:

//Cop y a's value to b

clear temp

clear b

while (a!=0 ) {

a--

temp+ +

}

while (temp ! = 0 ) {

a++

b++

temp- -

}

1

T rying to decremen t a v ariable whose v alue is already zero, retur n s zero.
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When w e need an if (a!=0 ) then ..1.. else ..2.. le t's use the follo w-

ing co de:

temp< - a

clear aux

aux++

while (temp ! = 0 ) {

..1..

clear temp

aux--

}

while (aux! = 0 ) {

..2..

clear aux

}

Initially it seems as if this computer language will b e useless, y et w e ha v e

b een able to de�ne some essen tial progra mming constructs from this basic def-

inition. In fact this language has b een sho wn to b e equiv alen t in p o w er to the

T uring mac hine. The pro of is b ey ond the scop e of these notes and w on't b e

co v ered here. It seems as if all these di�eren t approac hes to computation are

equiv alen t.

4.4 The Ch urc h-T uri n g Thesis

In all of the ab o v e three sections on T uring mac hines, Phrase-structure lan-

guages, and the Imp o v erished progra mming language there do esn't seem to b e

enough mec hanisms to solv e complex problems. Y et T uring conjectured in the

1930 's that these systems ha v e the same computational p o w er as an y p ossible

computational system. So far no-one has b een able to pro v e otherwise, since all

prop osed mo dels of computation so far can b e em ulated on a T uring Mac hine.

It is kno wn as the Ch urc h-T uring thesis since a similar theory b y Alonzo

Ch urc h whic h view ed computation as recursiv ely applying functions to other

functions indep enden tly arriv ed at an equiv alen t conclusion. Ch urc h's theory

has led to a �eld of progra mming kno wn as functional progra mming.

This do es not mean that all attempts to adv ance progra mming languages

are futile. F or practical purp oses there is a v ast di�erence b et w een using the

imp o v erished progra mming language, and a high-lev el language. Humans are

fallible and kno wn to mak e lots of careless little mistak es. If a progra mming

language helps a v oid suc h mistak es then it mak es sense to use it. The e�ciency

of the imp o v erished language will also b e terrible; there are no arithmetic op-

erations b ey ond coun ting. If one w an ted to implemen t 128 bit cryptogra ph y in

this language, it w ould tak e incredibly long to coun t up to n um b ers this large.

Since w e app ear to ha v e reac hed the theoretical b ounds of a computational

system, let us instead fo cus no w on more practical issues. W e migh t b e able

to pro v e that our T uring mac hine can solv e the problem, but if it tak es more

than 10 billion y ears to halt, it probably isn't a practical system. In the next

c hapter w e will turn from analysing the system to analysing the p erformance of

individual problems.
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Exercise 4.1

In the previous c hapter w e made the claim that b eing able to write on the input

tap e mean t that there w as no need for a stac k. Giv e details of ho w a stac k

could b e implemen ted on a T uring mac hine. (Hin t: e�ciency is not imp ortan t

here.)

Exercise 4.2

Design a T uring mac hine whic h can rev erse a string. This w ould allo w the XOR

mac hine to accept t w o ordinary n um b ers and rev erse the n um b er itself.

Exercise 4.3

Find a corresp o nding phrase-sensitiv e grammar whic h is able to rev erse a string

of non-terminals (ensuring that they can only b ecome terminal sym b ols when

they ha v e b een prop erly rev ersed). This will allo w the XOR grammar to generate

correct strings whic h are easy to read.

Exercise 4.4

Construct a phrase-sensitiv e grammar whic h can generate the correct addition

of an y t w o binary n um b ers of equal length. This means one should b e able to

deriv e strings suc h as: ` 1011+ 0 0 0 1 = 1 1 0 0 '.

Exercise 4.5

W rite short co de snipp ets whic h p erform: addition, subtraction, m ultiplication

and division in the Imp o v erished progra mming language. Let y our co de accept

the v alues from v ariables a and b and store the answ er in ans .

Exercise 4.6

Implemen t the factorial function in the imp o v erished progra mming language.

Exercise 4.7

Man y in teresting computational systems ha v e b een sho wn to b e equiv alen t to

a T uring mac hine. One of the most surprising is Con w a y's Game of Life. This

is a simple t w o-dimensional w orld of �nite state automata, eac h only has t w o

p ossible states `dead' or `aliv e'. The states are up dated according to v ery basic

rules:

� Liv e cells with less than t w o living neigh b ours die from loneliness.

� Liv e cells with t w o or three living neigh b ours carry on living.

� Liv e cells with more than three living neigh b ours die from o v er-cr o wding .

� Dead cells with exactly three living neigh b ours come bac k to life.
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These simple rules giv e rise to man y patterns, and man y di�eren t b eha viours

ha v e b een observ ed. By com bining some of these b eha viours correctly it is theo-

retically p ossible to create a computer capable of p erforming an y computation.

Find out ho w suc h a game could b e turned in to a computer. (The in ternet

pro vides man y implemen tations of the Game of life, as w ell as examples of in-

teresting patterns found.)

Exercise 4.8

Initially recursiv e function theory (on whic h Ch urc h's view of computation w as

based) conjectured that all computable functions could b e comp osed from sim-

ple functions comp osed in simple w a ys. Ho w ev er in 1928 A c k ermann found a

function whic h cannot b e constructed in suc h a manner, y et is computable. The

de�nition is as follo ws:

A(0; y) = y + 1

A(x; 0) = A(x � 1; 1)

A(x; y) = A(x � 1; A(x; y � 1))

Implemen t this function in y our fa v orite progra mming language. What is the

biggest v alue of x for whic h y ou can compute A(x; 1)?



Chapter 5

Computabilit y and

Complexit y

Ha ving seemingly reac hed the limitations of computation w e no w seek a more

comprehensiv e classi�cation. T o this end w e classify problems as either tractable

(guaran teeing a solution in p olynomial time), in tractable (solutions to these

problems app ear to tak e an exp onen tial amoun t of time) and undecidable (these

problems migh t nev er complete).

While man y of the problems w e classify w ere presen ted in the in tro ductory

c hapter w e also in tro duce a few others. W e de�ne the complexit y classes P and

NP , and discuss whether P=NP , whic h is an op en issue in Computer Science

to da y .

5.1 P olynomial Problems

In this section w e presen t the go o d news. Problems here are considered tractable

since they are guaran teed to �nish in p olynomial time. This means that the time

it tak es is O(nk ) for some constan t v alue k . In some cases k migh t b e v ery big

(sa y k = 10 ), then the algorithm will b e un usable for all but the smallest n .

Ho w ev er this order is still not as bad as problems co v ered in the next section

whic h are though t to ha v e exp onen tial complexit y .

Before w e co v er the algorithms in more depth though w e �rst co v er some

graph terminology so that w e can discuss the solutions with clarit y and exact-

ness.

5.1.1 Some graph termi nol ogy

V ertex

Often also called a no de, a v ertex is an abstraction of some item. In the in tro-

ductory c hapter v ertices w ere used as abstractions of cities (in �gure 1.1) and

buildings (in �gure 1.2). This abstraction is useful since it generally do es not

matter if w e are talking ab out buildings or cities; what is imp ortan t are the

relations b et w een them.

41



42 CHAPTER 5. COMPUT ABILITY AND COMPLEXITY

Edge

Edges connect t w o v ertices. Edges can b e directed, or undirected. If an edge is

undirected and connects v ertex A with v ertex B then it also connects v ertex B
with v ertex A . (Think of this as a t w o-w a y street, if y ou tra v el from X to Y
using only t w o-w a y streets then y ou are guaran teed to b e able to retrace y our

steps.)

If the edge is directed then a connection from v ertex A to v ertex B do es not

imply that v ertex B is connected to v ertex A (although this do es not rule out

another edge connecting them).

In some of the problems w e consider, edges are also w eigh ted. This means

there is some cost asso cia ted with tra v ersing the edge. F or our purp oses w e will

only consider nonnegativ e w eigh tings.

Graph

A graph consists of a set of v ertices and a set of edges connecting them. The

edges can b e directed (giving a directed graph), or undirected (giving an undi-

rected graph).

T ree

A T ree is simply a graph with no cycles in it. This means that for an y starting

v ertex it is imp ossible to �nd a path whic h returns to the starting v ertex without

visiting an y v ertex more than once.

Bipartite Graph

A Bipartite graph is a graph whose no des can naturally b e split in to t w o subsets,

with none of the graph's edges joining v ertices in the same subset. This means

that all edges connect v ertices from the one set with v ertices c hosen from the

other.

Hamil to ni an P ath

A Hamiltonian path is a path whic h visits all v ertices exactly once and at the

end of the path is able to return to the initial v ertex.

5.1.2 The w eary studen t

In this section w e sho w that the w eary studen t problem has a p olynomial-or der

solution, whic h should b e go o d news for all studen ts who will b e tra v eling in the

holida ys. In the example considered here w e will assume the studen t comes from

Johannesburg and needs to return. In this solution w e will mak e the simplifying

assumption that there are no cycles in our graph. This simpli�es our solution

since there is no need to main tain a list of previously visited cities (v ertices).

The solution presen ted here uses dynamic progra mming. Dynamic progra m-

ming is recursiv e in nature; to calculate the shortest path from Grahamsto wn

to Johannesburg w e �rst calculate the shortest paths from:

� P ort Elizab eth to Johannesburg,
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� East London to Johannesburg ,

� and Middelburg to Johannesburg .

Once all of these shortest paths are kno wn then it is trivial to �nd the shortest

path from Grahamsto wn; add the distance to get to eac h of the cities to the

shortest distance from those cities. The cit y with the smallest sum represen ts

the b est route to go, and the sum represen ts the distance y ou will ha v e to tra v el.

The pseudo-co de b elo w sp eci�es this algorithm more succinctly .

sd(vi ; d) � Find the shortest distance from v ertex vi to destination d

1. if (vi == d) return 0

2. if dist [i ] is kno wn return dist [i ]

3. ans = 1

4. for eac h of the v ertices directly connected to vi

(a) temp = sd(vk ; d)

(b) temp = temp + (edge w eigh t)

(c) if (temp < ans ) ans = temp

5. dist [i ] = ans

6. return ans

No w that w e ha v e giv en a formal description of the algorithm, let's trace

through it to ensure w e understand it fully .

sd(GT; Jo) = min(132 + sd(P E; Jo); 180 + sd(EL; Jo ); 249 + sd(Mi; Jo ))

sd(P E; Jo) = 335 + sd(Ge; Jo)

= 335 + 438 + sd(CT; Jo)

= 132 + 335 + 438 + 1

= 1

sd(EL; Jo ) = 674 + sd(Du; Jo)

= 674 + 290 + sd(Ha; Jo)

sd(Ha; Jo) = min(268 ; 260 + sd(Er; Jo ))

= min(268 ; 260 + 147)

= 268

sd(EL; Jo ) = 674 + 290 + 268

= 1232

sd(Mi; Jo ) = min(538 + sd(Up; Jo); 403 + sd(Ki; Jo ); 319 + sd(Bl; Jo ))
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sd(Up; Jo) = min(796 ; 361 + sd(Sp; Jo))

= min(796 ; 361 + 541 + sd(CT; Jo)

= min(796 ; 1 )

= 796

sd(Ki; Jo ) = 476

sd(Bl; Jo ) = min(398 ; 320 + sd(Ha; Jo))

= min(398 ; 320 + 268)

= 398

sd(Mi; Jo ) = min(538 + 796 ; 403 + 476; 319 + 398)

= 717

sd(GT; Jo) = min(132 + 1 ; 180 + 1232; 249 + 717)

= 966

Notice ho w sa ving the result for sd(Ha; Jo) sa v ed us ha ving to recompute

when w e calculated sd(Bl; Jo ) . In graphs with more edges w e can exp ect this

to sa v e us ev en more e�ort. Since the arra y ensures that w e nev er visit a

v ertex more than once w e kno w that our tra v ersa l is linear in the n um b er of

v ertices ( O(n) ). A t eac h v ertex w e do w ork prop ortiona l to the n um b er of edges

( O(m) ), this means a rough upp er b ound on this algorithm is O(mn) , whic h is

p olynomial and hence tractable.

5.1.3 Cable-la ying

T o solv e the cable-la ying problem w e need to �nd what is kno wn in graph

terminology as a minimal spanning tree. The `minimal' refers to the fact that

the sum of all the edges found is the minim um p ossible. `Spanning' refers to

the fact that ev ery v ertex is reac hable from ev ery other. The `tree' refers to the

fact that there m ust b e no cycles in the solution. If there w as a cycle it w ould

b e p ossible to drop one of the edges and still reac h all other v ertices.

In this solution w e presen t Prim's algorithm. There are other w ell-kno wn

algorithms (suc h as Krusk al or Bor·vk a ). Prim's algorithm w orks b y pic king an

initial edge and then gro wing the tree from the already connected v ertices.

T o start the algorithm w e note that the shortest edge of an y v ertex will

alw a ys b e part of the minimal spanning tree. As an informal pro of imagine that

the algorithm is nearly complete and only has to connect one more v ertex. This

means that all the other v ertices are already connected and w e m ust c ho ose

whic h edge to use to connect this last v ertex. Our c hoice is simple. W e pic k the

shortest edge since there is no b etter c hoice.

This giv es us our starting step, no w let's imagine w e ha v e constructed some

of our tree, ho w should w e pic k the next v ertex to include? Again it helps if w e

imagine that all the unconnected no des ha v e b een connected together in another

tree and w e no w seek the b est place to connect these t w o trees. This is simply
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Cape Town

Grahamstown

Jo'burg

Springbok

Upington

George

Port Elizabeth

East London

Middelburg

Kimberly Bloemfontein

Ermelo

Harrismith

Durban

703km

438km

541km

335km

132km

180km

249km

674km

290km
403km

538km

796km

476km

319km

320km

260km

147km

268km
398km

361km

 BL=  CT=¥  DU=558  EL=1232  ER=147  GE=¥

 GHT=  HA=268  MI=  PE=¥  SP=  UP=

(b) Going via East London

Cape Town

Grahamstown

Jo'burg

Springbok

Upington

George

Port Elizabeth

East London

Middelburg

Kimberly Bloemfontein

Ermelo

Harrismith

Durban

703km

438km

541km

335km

132km

180km

249km

674km

290km
403km

538km

796km

476km

319km

320km

260km

147km

268km
398km

361km

 BL=398  CT=¥  DU=558  EL=1232  ER=147  GE=¥

 KI=476  HA=268  MI=717  PE=¥  SP=¥  UP=796
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Figure 5.1: T o calculate the shortest distance from Grahamsto wn to Johannes-

burg, w e �rst calculate the shortest distance from Grahamsto wn's neigh b ours.
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the shortest edge b et w een the t w o trees. This suggests that w e m ust �nd the

shortest edge that connects a connected v ertex with an unconnected v ertex.

The algorithm more formally sp eci�ed:

mst(edges) � minim um spanning tree, returns list of used edges

1. Initialise b o olean arra y used to all false.

2. Initialise list ans to {}.

3. Pic k a random v ertex.

4. A dd the v ertex's shortest edge to ans, set used for b oth v ertices to true .

5. While there are un used v ertices:

(a) Find smallest edge b et w een a used( vi ) and an un used v ertex( vj ).

(b) A dd this edge to ans and set used[j ] = true

6. return ans
The solution for the cable-la ying problem is sho wn in �gure 5.2. After the

tree has b een constructed it is easy to determine the shortest time in whic h

all departmen ts will ha v e their in ternet connection restored. Assuming a single

team of w ork ers la ying the cable, the time tak en will b e 8 da ys whic h is the sum

of all the used edges.

T o analyse the complexit y of this algorithm w e note that w e ha v e to add

(n � 2) v ertices to the tree ( O(n) ). F or eac h addition though w e migh t b e forced

to searc h through the en tire list of edges ( O(m) ). This means the order is

again roughly O(mn) . This is again p olynomial and hence considered tractable.

Be a w are that it is p ossible to impro v e the order of this algor ithm using more

sophisticated data structures, ho w ev er for our purp oses w e just need to sho w

that it is p ossible to �nd a p olynomial algorithm.

5.1.4 The New Manager

Assigning emplo y ees to tasks can also b e sho wn to ha v e a p olynomial solution.

The tric k is to turn the problem in to a graph. In �gure 5.3 w e create a directed

bipartite graph, connecting p eople to the jobs they are able to p erform. A

source no de, and a sink no de are also added, as they simplify the algorithm.

The source no de connects to all p eople, while all the jobs are connected to the

sink no de.

T o p erform a matc hing

1

w e lo ok for a path from the source no de to the sink

no de. If there is no path then the matc hing pro cess is o v er and as man y p eople

as p ossible ha v e b een assigned jobs. If w e �nd a path to the sink no de, w e

indicate that the path has b een used b y rev ersing all the edges in that path. If

a matc hing is bad, then the rev ersed direction of the edge allo ws us to reassig n

jobs. This can b e seen in �gure 5.4 where bad assignmen ts o ccur in the �rst

t w o matc hings, and are then reassig ned in the last t w o matc hings. W e obtain

1

Maxim um matc hing is actually a sp ecialisation of the net w ork �o w algorithm. Imagine

a net w ork of roads whic h man y cars w an t to use to get from p oin t A to p oin t B . All the

roads can handle di�eren t amoun ts of tra�c as some of the roads are high w a ys and some are

single-lane coun try roads. The net w ork -�o w algorithm is capable of calculating the maxim um

n um b er of cars whic h can use this system of roads.
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Figure 5.2: Finding the minimal spanning tree for the science departmen ts.
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Figure 5.3: T ransforming the problem in to a graph problem.

the �nal assignmen t b y examining the rev ersed edges, whic h will p oin t from a

job to a p erson, indicating whic h p erson should b e assigned that job.

This algorithm is guaran teed to terminate since for ev ery path w e �nd w e

rev erse one more edge from the source to a p erson. Since there are only a

�nite n um b er of p eople, w e will ev en tually run out of p ossible edges from whic h

to lea v e the source v ertex. This will ensure there are no more paths and the

algorithm will terminate.

As an informal argumen t that this pro cedure will alw a ys result in the largest

n um b er of assigned jobs, consider the graph found at the end of this algorithm.

There will b e no more paths, meaning that ev ery edge from the source to a

p erson (i.e. an unmatc hed p erson) has no path. This means that ev ery job that

an unmatc hed p erson could p erform has already b een assigned. Moreo v er since

there are no paths it also means that one cannot tra v el from an already assigned

skill, to a matc hed p erson and �nd another job whic h has not b een matc hed.

This means that ev ery unmatc hed p erson's set of jobs is already p erformed b y

someone else and there is no job whic h a matc hed p erson could switc h to that

is not already matc hed. This is the de�nition of an optimal matc hing.

More formally the algorithm can b e describ ed as:
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f indpath (s; d)

1. if s == d return true

2. if visited [s] return false

3. visited [s] = true

4. for eac h v ertex( vi ) whic h s connects to

� if f indpath (vi ; d) return true

5. return false

mm � p erform a maximal matc hing

1. Create appropria te graph with sink and source v ertices.

2. n = 0

3. Initialise b o olean arra y visited to all false.

4. While f indpath (source; sink)

(a) n = n + 1

(b) Rev erse all edges whic h mak e up the path.

(c) Reset visited to all false.

5. n represen ts the maxim um n um b er of assignmen ts p ossible; the individ-

ual assignmen ts are giv en b y the rev ersed edges, whic h are not connected

to the source or sink.

Let us giv e a rough appro ximation of the order of this tec hnique, b y consid-

ering the w orst case. Here if k matc hings ha v e b een made then in the w orst case

the a v ailable path will co v er 2(k + 1) edges. This path corresp o nds to the pre-

vious k matc hings all b eing reassig ned (eac h requiring 2 edges) and tra v ersing

the source and sink edge. Since w e w ould ha v e to do this for all of the n no des,

this mak es the algorithm at w orst an O(n2) algorithm. This is still considered

e�cien t when compared to the problems presen ted in the next section.

5.2 NP-Complete problems

These are problems whic h are conjectured to ha v e no solution in p olynomial

time. So far researc her s ha v e only b een able to �nd solutions whic h are exp o-

nen tial in time. Ho w ev er these problems do ha v e solutions in non-deterministic

p olynomial time (NP). This means that if w e had a computer whic h w as capable

of non-deterministically c ho osing the correct decision at ev ery p oin t then these

problems could b e solv ed in p olynomial time. The problems whic h are kno wn

as NP-Complete are the hardest problems in NP . If a pro of is found that NPC

problems can b e solv ed in p olynomial time then it will sho w that all problems

in NP are also in P .

An in teresting asp ect of these problems is that they ha v e all b een pro v en

equiv alen t to eac h other. This means that it is p ossible to transform one problem

in to another using an algorithm of p olynomial order. If w e �nd an e�cien t (i.e.



50 CHAPTER 5. COMPUT ABILITY AND COMPLEXITY

Alice

Brenda

Charlene

Diana

Accounts

Deliveries

Programming

Sales

Source Sink

(a) Assigning Alice to A ccoun ts.

Alice

Brenda

Charlene

Diana

Accounts

Deliveries

Programming

Sales

Source Sink

(b) Assigning Brenda to Deliv eries.

Alice

Brenda

Charlene

Diana

Accounts

Deliveries

Programming

Sales

Source Sink

(c) Charlene's only path is through Deliv eries and Brenda. This reassigns

Brenda to Programming and Charlene is assigned Deliv eries.
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(d) Diana's only path is through Alice and A ccoun ts. This reassigns Alice to

Sales and Diana is assigned A ccoun ts.

Figure 5.4: Using a graph to solv e the matc hing problem.
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tractable) solution for one of these problems then it will b e p ossible to solv e all

the problems b y transforming them in to the solv able problem, solving them and

then transforming them bac k.

It m ust b e emphasized that the question of pro ving or dispro ving whether

the class of P olynomial problems (P) is equal to the class of Nondeterministic

P olynomial problems (NP) is the largest outstanding issue in theoretical com-

puter science to da y . It has also motiv ated a large amoun t of researc h b ehind

quan tum computing whic h w ould b e able to solv e NP problems in p olynomial

time.

5.2.1 The T ra v eling Salesman

The T ra v eling Salesman problem describ ed in the in tro ductory c hapter is trying

to �nd a Hamiltonian path in a graph represen ting a road map. Unfortunately

the T ra v eling Salesman problem is a problem whic h arises frequen tly in real life

in suc h application as: the design of telephone net w orks, in tegrated circuits, the

progra mming of industrial rob ots etc. [Harel, 1989 ]

An exp onen tial algorithm for this problem is easy to �nd. Just generate all

paths and remem b er the minim um. The order of generating all paths if there

are n v ertices and roughly k edges at ev ery v ertex is O(kn ) . Unfortunately

researc her s ha v en't b een able to signi�can tly impro v e that b ound and still guar-

an tee optimalit y . In some cases heuristics , or rules-of-th um b whic h seem to

w ork can ac hiev e acceptable results.

Finding a b etter guaran teed-o ptimal algorithm app ears di�cult as the solu-

tion is hea vily in�uenced b y the global structure of the graph, y et there app ears

no simple w a y of using this global structure when deciding on the next v ertex

to include in the path.

5.2.2 3-SA T

This problem has historical signi�cance as it w as the �rst problem to b e pro v en

NP-complete. Input for the problem consists of a long b o olean expression of

the form:

(v1 _ : v2 _ v3) ^ (: v1 _ : v2 _ : v3) ^ : : : ^ (v15 _ : v17 _ vk )

One m ust then �nd a set of assignmen ts f v1 = true; v2 = false; : : : ; v k = falseg
whic h satisfy the input expression. This problem has a naiv e solution of testing

all p ossible assignmen ts. Unfortunately the n um b er of p ossible assignmen ts is

O(2k ) .

One can see that it is easy to v erify a giv en solution, one can simply substi-

tute the v alues in the expression and ev aluate it. This has linear order, and is a

lo w er b ound on the complexit y of the solution. Unfortunately researc her s ha v e

only b een able to pro v e an upp er b ound whic h is exp onen tial. By tigh tening

the b ounds of our pro of w e ma y y et �nd out if this problem is con tained in P

or NP .

5.3 Undecidable problems

A problem is undecidable if it can b e pro v en that not all inputs will terminate

(regardless of the algorithm used). This is disconcerting since it means for some
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problems w e cannot tell if w e are making progres s to w ards an answ er, or are

stuc k trying to solv e a problem with no solution.

5.3.1 The Halti ng Problem

The halting problem w as in tro duced in c hapter 1. MicroNa� is going to ha v e a

hard time writing their co de v eri�er since it is imp ossible to determine whether

all progra ms will halt for a giv en input. This can b e pro v en b y con tradiction.

Assume that there exists a progra m whic h correctly iden ti�es the progra ms that

halt for all t yp es of input and alw a ys terminates. Call this progra m ` Halts '.

No w construct a progra m ` S ' of the follo wing form:

Progr a m Halts ( C , I )

//Acc e p t s code C and input I and retur n s true or false

//Rep r e s e n t i n g wheth e r progr a m C will termi n a t e with input I

//Not e that it alway s termi n a t e s .

Progr a m S(W)

If Halts ( W , W )

While true

{

//Inf i n i t e Loop!

}

Else

Retur n false

Consider what happ ens when ` S(S) ' is called. This in turn calls Halts ( S , S )

whic h must return an answ er.

� If it returns false (i.e. Halts deems S to b e a progra m whic h do esn't halt

when run with an input of S ) then S(S) returns immediately . This clearly

con tradicts the prediction made b y Halts .

� If it returns true (i.e. Halts predicts that S is a progra m whic h halts

when run with an input of S ) then S(S) go es in to an in�nite lo op. Again

this clearly con tradicts the prediction made b y Halts .

Since b oth p ossibilities lead to con tradiction this means one of our assumptions

m ust ha v e b een inconsisten t. This means our original assumption of Halts

b eing a progra m whic h always halts and always returns the correct answ er is

incorrect. There is no suc h progra m.

Remem b er that this is just to pro v e the existence of a single problem whic h is

undecidable. Ho w ev er man y problems can b e sho wn to b e equiv alen t to solving

the Halting problem, whic h means they are also undecidable. Another w ell-

kno wn example of an undecidable problem is P ost's Corresp o ndence Problem.

5.3.2 P ost's Corresp ondence Problem

In P ost's Corresp o ndence problem sev eral domino es are giv en[Linz, 2001 ]. Eac h

domino has writing on the top half and the lo w er half. A sequence of these

domino es can generate t w o strings, b y concatenating the strings of the top

halv es and doing lik ewise for the lo w er halv es. The task is to �nd whether there

is a sequence of domino es whic h pro duce iden tical strings for b oth the upp er
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Figure 5.5: A solution to P ost's Corresp o ndence Problem: Giv en a set of domi-

no es (on the left) is it p ossible to �nd a con�guration (with p ossibly rep eated

domino es) where the string formed b y the top ro w is the same as the string

formed in the b ottom ro w (as sho wn on the righ t).

and lo w er halv es. An example corresp o ndence problem and a solution is sho wn

in �gure 5.5. It has b een pro v en undecidable with 7 or more domino es. This

means that in some cases giv en a set of sev en domino es it is imp ossible to tell

whether or not the matc hing pro cess will terminate.

Exercise 5.1

Sho w that exp onen tial order will always b e greater than p olynomial order for

large enough n . Find the smallest in teger n for whic h 1:0001n > n 10;000
.

Exercise 5.2

Mo dify the dynamic progra mming algorithm so that it can handle graphs with

cycles. Analyse the order of y our algorithm in the w orst case. Exp erimen tally

create some graphs and try to appro ximate the a v erag e order to o.

Exercise 5.3

W rite a progra m whic h solv es the T ra v elling Salesman problem. T o simplify the

problem just searc h for an y Hamiltonian path, rather than the shortest. W rite

a metho d whic h generates random graphs, with roughly half of the v ertices

connected to an y giv en v ertex. T est y our solution on these random graphs for

v arious sizes. T ry graphs with 5, 10, and 15 v ertices. Ho w long migh t it tak e

y our progra m for 30 or 40 v ertices?

Exercise 5.4

Read up on mo di�cations to the minim um spanning tree algorithm whic h c hange

the order to O(m log(m)) .

Exercise 5.5

An in teresting function related to the Halting Problem is the Busy Bea v er func-

tion. De�ne BB (n) to b e the maxim um n um b er of ones whic h can b e mark ed on

a halting T uring mac hine of n states. BB (n) is extremely di�cult to calculate,

ev en for v ery small v alues of n . P art of this di�cult y is due to the n um b er of

p ossible T uring Mac hines b eing exp onen tial in n . It is made w orse b y the fact

that some of the mac hine's don't halt, while others just run for a really long

time. Since telling the di�erence in all cases w ould b e equiv alen t to solving the

halting problem w e ha v e to run all p ossible candidates for a long time.
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Figure 5.6: Three instances of P ost's Corresp o ndence Problem. T w o are solv able

but hard, and the other can b e pro v en to ha v e no solution.

Exercise 5.6

In �gure 5.6 three examples of P ost Corresp o ndence Problems are sho wn. T w o

of these are solv able, while the third can b e sho wn not to ha v e an y solutions.

1. Can y ou �nd the problem with no solutions?

2. (Muc h harder) Solv e the other t w o problems!



Chapter 6

Conclusion

This brief course is logically split in to t w o main themes; disco v ering the limi-

tations implicit in di�eren t mo dels of computation, and di�eren tiating b et w een

practical and impractical solutions to problems.

The simplest mo del of computation - the �nite-state automaton - is able to

recognise simple n um b ers and v ariable names. T rying to add non-determinism to

a �nite-state automaton did not increase its p o w er as it w as p ossible to use a de-

terministic FSA with a larger n um b er of states to sim ulate the non-deterministic

FSA. The �niteness of these state mac hines w ere their main limitation and as

suc h they couldn't remem b er an arbitrar y n um b er of previous sym b ols.

T o o v ercome this limitation a pushdo wn automaton w as in tro duced. This

mac hine had a memory whic h could remem b er as man y previously seen sym b ols

as w as necessary . While there are di�erences b et w een deterministic and non-

deterministic pushdo wn automata, these di�erences w ere not co v ered as they

are more appropria tely co v ered in a compiler course. Instead the limitations of

non-deterministic pushdo wn automata w ere emphasized. Since pushdo wn au-

tomata are equiv alen t to con text-free grammar s , pushdo wn mac hines are unable

to recognise an y language whic h dep ends on con text.

Th us the next logical impro v emen t w as to b e able to test for the con text of

a sym b ol. This is done b y allo wing the mac hine to mo v e b oth bac kw ards and

forw ards along the input tap e. If the mac hine is allo w ed to write on the tap e

as w ell then a separate memory is unnecessary since the sym b ols can b e stored

on the tap e itself. This is a T uring mac hine, and is though t to ha v e the same

computational p o w er as an y p ossible computational system.

The second theme of the course lo ok ed at individual problems, and tried

to classify their complexit y . Sev eral de�nitions w ere used, a problem could b e

classi�ed as tr actable , whic h mean t that the b est solutions w ere guaran teed to

solv e the problem in p olynomial time. If a problem w as intr actable , this mean t

that w e ha v e only b e b een able to �nd solutions with exp onen tial (or w orse)

complexit y . Problems with exp onen tial complexit y are impractical, since it

could tak e billions of y ears to solv e reasona bly small instances.

Sho wing that a problem w as unde cidable ho w ev er mean t that there w ere

some inputs for the problem that either w ouldn't terminate or w ould result in

an incorrect answ er. This is v ery disturbing since it means that these problems

are unsolv able for all cases, regar dles s of new dev elopmen ts in computers and

algorithms.
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56 CHAPTER 6. CONCLUSION

This giv es a m uc h clearer view of the computabilit y of certain problems. If a

problem can b e solv ed on a pushdo wn automata or a �nite-state mac hine then

it is tractable. If the problem requires a T uring mac hine and do esn't seem to

ha v e an e�cien t solution there are no w sev eral options. Pro ving the problem

equiv alen t to a kno wn NP-complete problem, will sho w that curren tly there is

no kno wn p olynomial solution and the problem is in tractable. If the problem

can b e sho wn equiv alen t to the halting problem, then the problem is undecidable

and has no solution whic h w orks for all p ossible inputs.

In the last t w o cases an optimal solution app ears infeasible, and one should

instead �nd heuristics whic h can pro duce reasona ble solutions. In this sense

the theory of computing can b e an immensely useful and practical to ol for an y

computer scien tist.
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